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1. DjieMeHTBhI TEOPUH MHOKECTB

1.1 IlonsaTHe MHOKecTBa. OCHOBHBIE ONpPe/eICHUS

[TonsitTue Mmuoscecmea sBAsieTcs: (yHIAMEHTAIBHBIM HEOINPEACITUMBIM
IIOHATHEM, OJTHO U3 OCHOBHBIX, €CIIM HE OCHOBHOE, ITOHATUN MaTeMaTUKA. OHO HeE
UMEET TOYHOIO ONPENEJEHUs, U €ro CleAyeT OTHECTH K aKCHOMATHUYECKHM
noHsATusAM. Kak mnpaBwiio, TEpMUH MHOMcecm80 OOBACHIETCS C IOMOIIBIO
OpUMEPOB, a TOTOM  YKa3blBalOTCA MpaBWJIa €ro  HUCIOJIb30BAaHUS B
MaTeMaTnyeckux npumeHeHusx. [lociaenHee MOXHO clienaTh Ha pa3HbIX YPOBHSX
CTpOTOCTH. JleTallbHOE M CTPOTO€ U3JIOKEHUE TEOPUU MHOMHcecme TpeOoBano Obl
CKpPYMNYJE€3HOIO0 aHalu3a JIOTMKKM MaTEeMaTHUYECKHX pacCyXIE€HHH, a 3T0 —
crieuasgbHasi CaMOCTOSITENIbHAsE TeMa, KOTOopas OTHOCUTCA K ofaacmu 0CHO8
mamemamuku. J{71s HalIKX 1eJiel JOCTATOYHO BBIOpATh YPOBEHb TaK Ha3bIBAEMOIl
UHMYUMUBHOU MEOPUU MHOINCECME.

WHTYyUTUBHO  TIOA  MHOIHCECHIEOM IIOHUMAETCs COBOKYITHOCTb
OIpPE/ICNICHHBIX, BIOJHE PAa3IMYUMbIX OOBEKTOB, pAaCCMATPUBAEMBIX KaK €IMHOE
1enoe. MOXHO TOBOPUTH O MHOYKECTBE T'paHEH MHOIOYI'OJIbHHKA, MHOXECTBE
TOYEK Ha MPAMON, MHOKECTBE HATYPAJIbHBIX YHCEJ, MHOKECTBE PAlMOHAIBHBIX
YyHuCell, MHOKECTBE OIEPAaTOPOB SI3bIKa MPOrPAaMMHPOBAHUS, MHOMXECTBE SI3bIKOB
IporpaMMHUpOBaHus U T.A. W3 3TUX NpUMEpPOB BUIHO, UYTO MHOMCECHIBO0 — DTO
COBOKYIHOCTb OIPEECICHHBIX Pa3IN4aeMbIX OOBEKTOB TaKHUX, YTO IJs JIOOOTO
00BbEKTa MOXXHO YCTAHOBHTb, NPUHAMIEKHUT ITOT OOBEKT TAHHOMY MHOXECTBY
Wi HeT. BrnojgHe O4YeBHIHO, YTO MHOXXECTBO, KOTOPOE MOJYUHSETCS TaKOMY
OTPaHUYEHUIO, MOXKET COAEpKaTh OOBEKTHI MOYTH J1000i npupoasl. Hanpumep:
MHOXeCTBO kuTenern ropoga CapoBa; MHOkecTBO CcTyneHToB Cap®dTU;
MHO’KECTBO aBTOOYCHBIX MapIIpyTOB HaIIero TIopoja; MHOXECTBO CTaHUUHN
MOCKOBCKOT'O METPO; MHOECTBO MPaBbIX OOTMHOK; MHOKECTBO CUMBOJIOB KOJIOB
KOMIIBIOTEPA; MHOXECTBO MJEHTU(PUKATOPOB B mporpamme u T.0. Cremyer
IOJYEPKHYTb, YTO O MHOXECTBE MOXXHO BECTH pPE€Yb TOJBKO TOTAA, KOrja
3JIEMEHTHl MHOXKECTBA Pa3IMuUMBbl Mexay coboil. Hanpumep, Henb3st TOBOPUTH O
MHO>XECTBE KalleJlb B CTaKaHE BOJbI, T.K. HEBO3MOXHO YETKO M SICHO yKa3aTh
KKYIO OTJIETbHYIO KAIlIIO.

MHoxecTBa, BCE 3JIEMEHTHI KOTOPOTO SBJSIOTCS YHUCIAaMH, HAa3bIBAIOTCS

YUCJIOBBIMH MHOXCCTBAMHM. HpI/IHSITBI clIcayromue CTaHdapTHBIC 0003HaYCHUSA
YU CJIOBBIX MHO>KCCTB:

N - MHO>KE€CTBO HaTypajbHbIX YHUCEIT;

Z - MHOXKECTBO 1I€IBIX YHCEI,

Q - MHOXXECTBO paIlMOHATBHBIX YHCEIT;
R - MHOeCTBO IEICTBUTEIILHBIX YHCEI;

C - MHOXECTBO KOMITJIEKCHBIX YHCEJI.

MHO)KCCTBa, 9JICMCHTAMH  KOTOPOIO  SABJIAOTCA APYIrH€ MHOKCCTBA,
Ha3bIBAIOTCS KJ1ACCOM WU CEMEHUCTBOM.



OtnenbHbIe OOBEKTHI, M3 KOTOPBIX COCTOMT MHOXECTBO, HA3BIBAIOT
JjlemeHmamu MHOXKecTBa. Hampumep, 5 — 3JIeMEHT MHOXKECTBA HaTypaJIbHBIX
gucen, G — 3J1eMEeHT MHOXKEeCTBa OYKB JIATUHCKOTO ayipaBuTa.

Takum o0Opa3oMm, KOrjia MBI TOBOPUM O MHOXECTBE, TO OOBCIAMHSICM
HEKOTOpbIe OOBEKTHI B OJHO II€J0€, a MMCHHO B MHOJXKECTBO, JJICMECHTaAMHU
KOTOPOTO OHH SIBJISTFOTCSL.

OcHroBartels Teoprn MHOXKecTB 'eopr KanTop' onpemenun popMyTHpoBKY
WHTYUTUBHOTO TIOHSATHS MHOXECTBA CIEAYIONUMHU CIIOBaMU: «/Ipou3gonvHas
COBOKYNHOCMb ONPEOeNeHHbIX NPeoOMemos8 Hawlel UHMYUYuu uiu uHmeiexma,
KOMOpble MONCHO OMIAUYUMb 0OUH OM OPY2020 U KOMOpble NPeOCmAasIsitOmcst KaK
eOuHoe yenoe, HA3bIBAEMCs MHOMcecmeom. llpedmemsi, Komopwvie 6x00sm 6
COCMAB8 MHOCECMBA, HAZLIBAIOMCS €20 INEMEHMAMUY).

CyIecTBeHHBIM ITYHKTOM KaHTOPOBCKOTO TOHSTHS MHOXECTBA SIBIISICTCS
TO, YTO COBOKYITHOCTh TIPEIMETOB paccMaTpHUBAaeTCSs KaK OJHH IpeaMeT
(«mpencTaBiIseTCs Kak eIUHOE Ieioe»). OCHOBHOE BHUMAHUE TYT MEPEHOCUTCS C
OTJICIBHBIX MPEJIMETOB Ha COBOKYITHOCTH IMPEJAMETOB, KOTOPBIC B CBOIO OYepe/b,
MOJKHO pacCMaTpUBAaTh KaK MPEAMETHI.

Yro KacaeTcs «IpeAMETOB Hallleld MHTYWIIMHM WJIH HHTEIUICKTa», TO 3Ta
(GopMyIUpOBKa JIaeT 3HAYUTEIBHYIO CBOOOMY IMPEXKJE BCEro TEM, YTO HHUKAK HE
OTPAaHUYUBACT TPUPOJY TPEAMETOB, COCTABIISIONINX MHOXECTBO. MHOXKECTBO
MOJKET COCTOSITh, HaIlPUMEp, U3 JIIOJIEH, MPOCTBIX YHCEIN, TOYEK MPOCTPAHCTBA,
wraneT BceenmeHHoid u T.n. 3aMeTMM, 4YTO KAaHTOPOBCKas (HOpMYIHUPOBKA
MHOJKECTBa JIaeT BO3MOXXKHOCTh PacCMaTpHUBAaTh MHOXKECTBA, 3JIEMEHTBHI KOTOPBIX
10 OTIPEJICIICHHOW MPUYHHE TOYHO 33/1aTh HEBO3MOXKHO.

CMBICIT BBIPAKCHUN: «KOTOPHIE MOXXHO OTJIHYUTH OJHWH OT JPYroro» Hu
«OTIPEICIICHHBIE TIPEIMEThI» 3aKJIF0YAeTCsl B CIEAyomeM. B mepBom ciydae st
JH00BIX JIBYX MPEIMETOB, KOTOPBIC PAacCMATPHUBAIOTCS KaK 3JCMEHTHI JaHHOTO
MHOJKECTBA, JOJDKHA CYIICCTBOBaTh BO3MOYKHOCTH BBISICHUTH, Pa3jMUYHbIC 3TH
npeaIMeTsl WU OJWHAKOBble. Bo BTOpoM ciywae, eciud 3aaHO HEKOTOPOe
MHOKECTBO M KaKOW-HHOYIb IPEIMET, TO MOXKHO ONPEICIHTD, ABISCTCS JIA ATOT
mpeaIMeT SJIEMEHTOM JaHHOro MHoXxecTBa. OTcroga cieayer, YTO BCSKOE
MHO’KECTBO TOJIHOCTBIO OMPEACNAETCS CBOMMH JJIEMEHTaMH. JTO KaHTOPOBCKOE
TpeboBanne (HOpMyIUPYETCs] KaK UHMYUMUGHBLI NPUHUUN O00BEMHOCHIU WU
AKCUOMA IKCMEHCUOHAILHOCMU, COTIIACHO KOTOPOMY JBa MHOXecTBa (A u B)
paBHBI TOTJA W TOJBKO TOTJIA, KOTJa OHU COCTOSAT U3 OJHUX W TEX YK€ AJIEMECHTOB
(0o603HauarOT A=RB).

Takum 00pa3oM, 1Ba MHOXKECTBA PaBHBI, €CITU KaXKIbIH JIEMEHT OIHOTO U3
HUX SIBJIICTCS DJIEMEHTOM JIPYTOro U HA00OPOT.

OO6muM 0003HaUYCHHEM MHOXKECTBA CIYKUT Tapa (UrypHbIX CKOOOK {...},
BHYTPH KOTOPBIX IEPEUYUCISIIOTCS DJEMEHThI MHOXKecTBa. [l oOo3HadyeHUS
KOHKPETHBIX MHOKECTB MCITOJIB3YIOT pa3IMuHbIC IPONHUCHBIe OYKBBI (M, X, 4,...),
WIA TPONHCHBIE ¢ uHAekcamu (Mi, M, ...). Jlng o0o3HaueHUs SJIEMEHTOB

! I'eopr Kanrop (G.Cantor, 1845-1918) — Hemenkuit MaTeMaTHK, OCHOBATE b TCOPUH MHOKECTB.
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MHOKECTBA B OOINEM ClIydae HCIOJb3YIOT pa3jMyHble CTPOYHBbIC OYKBBI, HIIH
CTpouHbIe OYKBBI ¢ MHACKCaMH. [IJIs yKa3aHHSA TOTO, YTO HEKOTOPBIA DIIEMEHT &
SIBIISICTCSI JIEMEHTOM MHOXECTBa A, HCIOJB3YyEeTCS CHMBOJ IMPHHAIICKHOCTH
MHOXECTBY €. 3aIuch a€A 03HAYAET, YTO MIEMEHT ¢ PHHAIICKHUT MHOKECTBY
A, a 3anuch a¢A O3HAyYaeT, YTO BJEMEHT @ HE NPUHAIICKUT MHOXKECTBY A.
3ammucelo ay, d, ... @, €A TOIB3YIOTCSA B KAUeCTBE COKPAIICHUS IS 3aIUCH d1 €A,
ar €A, az €A, ...a,EA.

MHuoxecTBa OBIBAIOT KOHeuHbIMU W OecKoneunbimu. MHOKECTBO
HA3bIBAIOT KOHEUHbIM, €CJTH YUCIIO €T0 IIEMEHTOB KOHEUHO, T.€. €CIIU CYIIEeCTBYET
HaTypajgbHOe Yrciao N, SBISIOIIEECS YUCIOM 3JIEMEHTOB MHOXKECTBA. MHOKECTBO
Ha3bIBAIOT OECKOHEUHBbIM, €CTTH OHO COJCPKHUT OECKOHEUYHOE YKMCIIO DIIEMEHTOB.

Benawunna, ompemensiomas YHCIO JIIEMEHTOB MHOXKECTBA, HA3bIBACTCS
KapOuHaibHbIM  YUCTIOM MHOMCECHEA WV CHENeHbl0 MHOXMcecmed, WU
obo3Hauaercs |A| wm card(A).

1.2_Cnoco0bl 321aHNA MHOKECTBA

Cy1iecTByeT /iBa OCHOBHBIX CIIOCO0a 3aJJaHUsI MHOXKECTBA: IEpEUHCICHUE U
OIMCaHUE.

Hampumep, MHOXECTBO OTJIIMYHUKOB T'PYIIIBI MOKHO 3a/1aTh, NEPEUMCIINB
CTYJIEHTOB, KOTOpble ydarcs Ha “orimyHo”. Hampumep: {MBanoB, Cuaopos,
[letpos,...}.

Jlnst coxpartenust 3anucu A={ay, a,, ... a, } unorna numyt A= {a;}], nwin
BBOJIAT MHOXeCTBO mHAekcoB 1={1,2,....n} u mumyrt 4={a;}, i €l. Takoii crocod
yI00eH TpH pacCMOTPEHHHM KOHEYHBIX MHOXKECTB, COAEpKaUIUX HEOO0bIIoe
YHUCJIO AJIIEMEHTOB.

OnucarenbHBIE  COCOO 3aJaHUsS MHOXKECTBA COCTOMT B TOM, 4YTO
YKa3bIBA€TCSl XapakTEPHOE CBOMCTBO, KOTOPHIM O0JAaNal0T BCE DIIEMEHTHI
MHOXecTBa. [log cBoiicTBoM nmpeaMera x  OyaeM MOHUMATh — Takoe
IIOBECTBOBATEIBHOE  NPEMJIOKEHHE, B  KOTOPOM  HEUYTO  YTBEPKIOACTCSH
OTHOCHUTEJIBHO MPEIMETa X U KOTOPOE MOXKHO XapaKTepU30BaTh KaK HICTUHHOE WJIN
JI0’KHOE IO OTHOILIEHUIO K X (XapaKTepUCTUUYECKHUM MpeInKar).

Hanpumep, cBoiicTBaMu SIBIISIFOTCS:
- 5 ;memur x;
- x*>0.
Bripaxenus:
- CYILIECTBYET Takou x, 4To Sx < 0;
- IS BCEX X, Y Xy=)px
HE SBJSIOTCS CBOWCTBAMH, IOTOMY YTO HMX HEJb3sl XapakTEepPU30BaTh Kak
VCTUHHBIE WK JIOKHBIE OTHOCUTENBHO X.

Ecnmu o6o3Haunth P(x) HekoTOpoe cBOWCTBO, Torna P(a) OyneT o3HavaTh
TOXE CaMO€ CBOMCTBO, HO C 3aMEHOM X Ha a. 3aJjaHu€ MHOKECTBA B TEPMHHAX
CBOMCTB JIOCTUTAETCS C IOMOUIBIO UHMYUMUBHOZ0 NPUHUUNA AOCMPAKWUU UIU
AKCUOMbBI C6epPMKU . BCSKOE CBOWCTBO P(X) ompenenser HeKOTOPOe MHOKECTBO A

! CumBoON € IPOMCXOHUT OT rpedecKoii GYKBEI &.
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C TIOMOIIBIO YCIIOBHUS: 3JIEMEHTAMU MHOXECTBA A SBISIIOTCA T€ U TOJIBKO TE
IIPEAMETHI @, KOTOPBIE UMEIOT CBOMCTBA P.

B cuny mnpuHmmma aOcTpakiuM BCSKOE CBOWCTBO P(x) ompemenser
eIMHCTBEHHOE MHOXECTBO, KOTOpoe oOosHawaror {a|P(a)} W 4YWTaT TaK:
«MHOXECTBO BCEX TEX MPEAMETOB a, 9T0 P(a)»

Tak, ecnmu C — MHOXECTBO CTYJEHTOB I'PYMIIbI, TO MHOXECTBO OTJIHMYHUKOB
sTOM rpymmbl O 3aMUIIETCs B BUJIE:

O={se C| S — OTJIUYHHK TPYIIIIbI }.

“MHokecTBO O COCTOUT M3 IJIEMEHTOB S MHOKecTBa C, 00JaJa0MNX TEM
CBOMCTBOM, UTO S ABJISETCA OTIUNYHUKOM TPYIIIBI .

B Tex cmyuasx, korma He BBI3bIBAET COMHEHHUN M3 KaKOTO MHO>KECTBA
OepyTcs DJIEMEHTHI S, YKa3aHHE O MPUHAIJICKHOCTH S MHOXecTBY C MOKHO
onyctuth. [Ipu 3TOM MHOkeCTBO O 3anMIIETCS B BUAE:

O={s| s — oTmu4HUK TPyMIIHI}.
IMpumepsi:
A={X|X — 4eTHOE} — MHOKECTBO IIEJIbIX YETHBIX YUCEIT;
B={x|x?>-1=0} — muoOxectBO {-1, 1}.

[Tycts N MHOXecTBO 1enbix uncen. Toraa {neN| 0<n<7} ecth MHOXECTBO
{1,2,3,4,5,6,7}.

BaxHBIM TIOHATHEM TEOPHUHU MHOXKECTB SIBJISCTCS TIOHITHE HYCHLO20
MHoxycecmea. Ilyctb A — HEKOTOPOE MHOXKECTBO, a P(x) mMeeT BUI X # X, TOTJa
MHO>KECTBO {a|P(a)}={alaa}, OYeBUIHO, HE  HWMEET  DJICMCHTOB
YIOBJIETBOPSIONIUX STOMY ycioBHi0. M3 mpuHIMIa 00bEMHOCTH CIEAyeT, 4YTO
MOJKET CYIIECTBOBATh TOJBKO OJHO MHOXECTBO, KOTOPOE HE MUMEET JJICMEHTOB.
OTO MHOXECTBO M Ha3bIBACTCS MyCmbIM MHOMcecmeom. Vinmu, nycmoim
MHOMCECMEOM HA3BIBAIOT MHOXKECTBO, HE COJIEpiKalllee HU OJHOTO 3JIEMEHTA.
[TycTtoe MHOXKECTBO 0003HAYAETCS CUMBOJIOM .

Hampumep, {neN| n’+2n+5=0}=0.

[TycToe MHOXECTBO YCIIOBHO OTHOCUTCS] K KOHEUHBIM MHOXECTBAM.
MHoecTBO, coieprKallee TOIbKO OJNH JIEMEHT, HAa3bIBACTCS CHHZIEMOHOM.

3aaHue MHOXKECTBA HA3bIBAIOT HEU30bIMOYHBIM, €CIU KaXAbIH 3JIEMEHT
BXOJUT B JAHHOE MHOXECTBO B €IMHCTBEHHOM JK3EMIUIIPE, U U3ObIMOUHBIM,
€CJIM XOTs1 OBl OJIMH AJIEMEHT BXOAUT B €r0 COCTaB 0oJiee YeM B OJHOM IK3EMILIIpE
(myremummnoscecmea).

1.3 PaBeHCTBO MHO:KECTB

Kak yxe oTmeuanoch, JBa MHOXECTBAa HA3bIBAIOTCS PABHBIMHU, €CIIA OHH
COCTOSIT M3 OJIHUX U Te€X K€ AJIEMEHTOB, T.C. MPEICTABISAIOT COO0I OTHO M TOXKE
MHOkeCcTBO. CUMBOJI paBEHCTBA MHOKECTB 00J1a/1a€T CBONCTBAMM:

o A=A — pedaeKCUBHOCTS;

e cciu A=B, T0 B=4 — CHMMETPUYHOCTb;

e cciit A=B u B=C, 10 A=C — TpaH3UTUBHOCTb.

W3 onpenenenuns paBeHCTBA MHOKECTB BBITEKALT:
1. mopsiiok 3JIeMEHTOB B MHOKECTBE HecyllecTBeH. Hampumep, MHOKecTBa

{1,2,3,4} u {3,4,1,2} npencrapistoT coO0O0H OJTHO U TOKE MHOXKECTBO;




2. B MHOXECTBE HE JIOJDKHO OBITh HEpa3IMYMMBIX 3JeMEHTOB. IlodTomy B
MHOJKECTBE HE JIOJDKHO OBITh OJIMHAKOBBIX 3JEMEHTOB. Hampumep, 3amuch
MHOKecTBa A={6,7,8,6,9} ciemyer paccmarpusaTh kak A={6,7,8,9}".

Ho, MHO€CTBO, KOTOPOE COCTOUT U3 DJIEMEHTOB HEKOTOPOTO MHOXECTBA A TakK,
9TO OTH 3JEMEHTBHl MOTYT BXOJUTH B COCTaB A3TOI'0 MHOXKECTBA B JIFOOOM
KOJIMYECTBE DK3EMIUIIPOB, HA3BIBAIOT MYJAbMUMHOMCecmeom MHOXecTBa A. C
TOYKHU 3PEHUSI TCOPUM MHOYKECTB, MHOXECTBO U MYJIBTUMHOXKECTBO — 3TO OJIUH H
TOT K€ OOBEKT W OHM MOTYT MEXIy co0oil He pasznuuarbes. OHAKO YacTo,
OCOOCHHO KOTJa pedb HJET O TMPEACTABICHWU MHOXKeCTBa B mamsitu OBM,
BO3HHMKACT MOTPEOHOCTh OTIIMYATh MHOXKECTBO OT MYJIbTHMHOXKECTBA.

1.4 TloaMHOXKeCTBO

MHOXecTBO A SBISECTCI MOOMHOIICECHéom MHOXKeCTBa B, ecnu ro0oit
AIIEMEHT MHOYKECTBA A IPUHAJIEKUT U MHOKECTBY B.

Hanpumep, MHOXECTBO CTYJEHTOB TPYMIbl SBIAECTCS IMOAMHOXKECTBOM
CTyACHTOB  (haKyJIbTETA; MHOXECTBO  YETHBIX IEJIBIX YHCEI  MOXKET
paccMaTpHUBaThCs KaK MOJAMHOKECTBO MHOKECTBA HATYPaIbHbBIX YHCEN.

Jns omnpeneneHus MOJMHOXKECTBA B TEOPUM MHOXKECTB HCIOIB3YIOTCS
CHUMBOJIBI:

e /- cumMBOJI, Ha3bIBa€MbIN KBAHTOPOM BCEOOIIHOCTU. 3amuch VX o3Hauaer:

“ mo0oi x”, “kakoB OBl HM OBLI X, “IJId BCeX X, “IJIS BCAKOTO X M T.II.

e 7 - CHMBOJ, HAa3bIBa€Mbld KBAaHTOPOM CYIIECTBOBAHMUA.  3amHUCh X

O3Ha4yaeT: “‘CylecTBYeT TaKOH X, 4TO”;

e — (WM =) CUMBOJI CIEACTBUS (MMIUIMKAIUK), O3HAYAIONIUN “‘BledYeT 3a
coboi’’; “ecnu... T0”;

® < - CHMMBOJ AKBHUBAJICHTHOCTH, O3HAYAIOIIMM “TOTHa M TOJLKO TOTrAa’”, “To
xKe camoe”.

Torma  ompeneneHne  MOAMHOXKECTBA,  KOTOPOE€  MOXET  OBITh
chopMynupoBaHO B BHUAE: IS JIIOOOTO X YTBEPXKACHHE ‘X MPUHAIICKUT A
BJICYET 32 COOO0M YTBEpKACHHUE ‘X MPUHAJICKUT B 3amuIIeTcs Tak:

Vx[xe A= xeB] 11

bonee kparkoil 3amuchio0 BBIpaKEHHE ‘A SBISIETCS MOJAMHOXKECTBOM B”
OyJeT 3anuch

AcB 1.2
(Uurtaetcst “B comepkut A”, “A comepxurtcs (BKIOYEHO) B B” u T.aI. ).
Hcnonb3yemblii 3/1eCh CUMBOJI C O3HAYaeT BKIIFOUYCHUE.
Ecnu MHOXECTBO B COAEPKUT U APYTUE SIEMEHTHI KpOME JIEMEHTOB U3 A
(t.e. A#B), To B 3TOM CiTydae uMeeT MecTo cTporoe BkioueHue A — B. Eciu npu
sToM A#J , TO A Ha3LIBAETCS COOCMBEHHBIM ROOMHOICECHIE0M MHOKECTBA B.

! Opmako B 9TOH CHTyalunm BOBHHKAIOT CIEAYIOUIHE MPOGIeMbl. ECIM MBI PacCMOTPHM IIEpPBOHAYAIBHOE
ompeneeHue A W BBIOPOCHM OJHO W3 Ymced 6 W3 MHOXKECTBA, TO MBI, OUCBUIHO, OyneM mMeTh 6€A u 6 ¢A.
Bo3zHukaeT mpoTtuBopedre. [103ToMy cileayer paccMaTpHUBaTh IMOBTOPEHHUE CHMBOJIOB B OIPEACICHHH MHOMKECTB
KaK YIOMHHAHHE OJHOTO M TOTO K€ CHMBOJIA, a €ro AyOJUpOBaHHE KaK HEAOCMOTp. YAaJleHHE MOBTOPSIOIIUXCS
3JIEMEHTOB 00pa3yeT OCHOBY JJIsl HEKOTOPBIX JaIbHEHIINX MaTEMAaTUYCCKUX PACCYKICHUH.
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CBs13b MCKAY CUMBOJIaMU JJACTCA BbIPAKCHUSAMMU:

AcB < A c B u A#B. 1.3
CBoiicTBa IOJIMHOKECTB:
o AcA - pednekcuBHocTh; (AZA — uppedIeKCHBHOCTS) 1.4

e (AcBuBcC) > AcC - TpaH3UTHBHOCTS.

Cnenyer OTMETUTh Ba)KHOE CBOMCTBO, UTO Ui JIt0OOro MHOXKeCTBa A
MyCTOe MHOXECTBO & < A.

Ecmu AcB n BCA, To MmHOXecTBa A M B SKBUBAJICHTHBI: A=B, T.€. Bce de-
MEHTHI A SBIIAIOTCS DIIEMEHTaMH B, a Bce 3JIeMEHTHI B SBISIOTCS dJIeMEHTaMU A.

T.e. A=B < (AcB u BCA). 1.5

Taxum o0pa3om, uTOOBI 10Ka3aTh, YTO MHOXECTBO A PAaBHO MHOXECTBY B
(4=B), Hazo mokasath aBa BKItoYeHHs: ACB n BCA.

MHOX€eCTBO, KOTOPOE€ BKIIOYAET BCE pPACCMATPUBAEMBIE MHOXECTBA,
Ha3bIBaeTCs yHueepcanvhuvim. O603navaercs | wim U.

JItoboe  MHOXECTBO MOXKHO M300pa3uth rpapuyecKkd, HapUCOBAB
3aMKHYTBI KOHTYp M TIPEJICTaBUB cebe, YTO DJIEMEHTHl 3TOT0 MHOXECTBA
M300paKEHbI TOYKAMH, HAXOMISIIMMUCS BHYTPU 3TOTO KOHTypa. [lokas3wiBaTh Ha
PUCYHKE TOUKM HE 00S3aTeNbHO. YHHUBEPCAIHHOE MHOXKECTBO HM300pakacTcsi B
BHJIC TIPSMOYTOJbHUKA. Takoil crnocod nM300pa)keHusi MHOXKECTB HOCUT Ha3BaHUE
ouazpamm Benna' (wnn KpyroB Oilnepa). Yalme Ha3bIBaeTCs ouazpammamu
Diinepa-Benna.

Hanpumep, uncnoBbie MHOXKECTBA MOKHO M300pa3UTh TaK:

N - marypansHsie
Z - nensie

\ — paHHOHaIBHBIe
% Q-

(- KOMILIeKCHEIe

R - neiicTBHTeTHHEIR

N3 nuarpammel BUgHO, UTON € Z S QS RC C C 1.

Onpenenenue. MHOXECTBO BceX ITOAMHOXKECTB JaHHOIO MHOKecTBa A
HA3bIBAIOT Oy1eaHoM WIU CHMENneHvl0 MHoMcecmea A, KOTOpoe 0003HAUUM,
Hanpumep, kak B(A).

! Ixon Benn (1886-1921) — anrmmiickuit noruk u dumocod. Pommucs 4 asrycra 1834 B Mopkimmp.
VYmep -4 anpens 1923, KemOpumk. OH U3BecTeH 3a BBeJeHHE JuarpaMM BeHHa, KOTOphIe HCIONb3YeTCs
BO MHOIMX OONAacTsIX, TaKUX KaK TEOpUs MHOXECTB, TEOpUS BEPOATHOCTEH, JIOTMKA, CTATUCTHKA U
nH(pOopMaTHKA.
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dopmainbro B(A4)={B| BCA}. B wacTHOCTH 3aMeTHM, YTO MMOCKOJIbKY & C A H

A c A, o D € PB(A); A € B(A). MomHocTh OyiicaHa (KapIUHAILHOE YHUCIIO
oyneana) | B(4)| = 2™, wm | B(4)|=2", rae n=|A| - MoIHOCTS MHOKECTBA A.

Ipumep. Ilycte A={a,b,c}. Torna B(4)={ G, {a}, {b}, {c}, {a,b}, {ac},

{b,c}, A}. Kpome Toro, 3amMeTum, 4TO MHOKECTBO A HMMeeT 2 HECOOCTBEHHBIX

noamHoxectBa (J u A={a,b,c}) u 6 coocrBennsix moamuoxkects ({a}, {b}, {c},

{a,b}, {a,c}, {b,c}).

1.5 OTHOIEHHUA MeKAYy MHOKECTBAMH

Ecin mHOXectBa A um B He wumeror o0mmx I
AJIEMEHTOB, TO TOBOPST, YTO ATU MHOKECTBA HAXOAATCA B
A omnowienuu nenepeceuenusn. 3anuchbIBalOT 3TO TaK:

ANB =0.

Hanpumep, A — MHOKECTBO TPEYrOJILHUKOB, B — MHOKECTBO KBaJpaToB. ITH
MHOY>KECTBa HE UMEIOT OOIIUX AJIEMEHTOB, T. €. HE CYIIECTBYET (PUTYpHI, KOTOpast
ObL1a ObI OJHOBPEMEHHO U TPEYTOJIbHUKOM, U KBagpaToM. [loaTomy MHOMXkecTBa A
U B HaxoJsITCSl B OTHOIIIEHUU HETIEPECECUCHHUS.

Ecm wmuoxkectBa A m B wuMeroT oO0mmpe >IE€MEHTHI, T.€. DJICMEHTHI,
MpUHAJJICKAIIIE OJHOBPEMEHHO U A, U B, TO TOBOPST, YTO 3TH MHOXKECTBa
HAXOJISATCS B OMHOUIeHUU nepeceuenHus. 3aichIBaloT 3T0 Tak: ANB = .

MnuoxectBa A m B HaxonsaTcs B o0wem nonodcenuu
MEePECEUCHHUsI, €CIIM CYIIECTBYET 3JEMEHT (XOTs Obl OJUH),
MPUHAIJICKAITNN HCKIIFOUUTEIIEHO MHOXECTBY A, DJIEMEHT, .
MPUHAIJICKANTNN UCKITIOYUTEIFHO MHOXECTBY B, a Takxke
AJIIEMEHT, MPUHAJICKAIUNA 000UM MHOKECTBAM.

I

Hampumep, A - MHOXECTBO NpPSIMOYTOJbHUKOB, B - MHOXECTBO PpPOMOOB.
MuoxectBa A U B HaxonsTcs B OOIIEM IMOJOXKEHUU TEepeceyeHus, TaK Kak
cymiectByer (urypa, KoTopas SBISE€TCS OJAHOBPEMEHHO U poMOOM, U
NPSAMOYTOJIBHUKOM - 3TO KBaJAPAT, a TaK )K€ €CTh MPSIMOYTOJIbHUKHU, KOTOPBIE HE
SBJIIOTCS POMOAMU, U €CTh POMOBI, KOTOPbIE HE SIBIISIOTCS MPSIMOYTOJIbHUKAMHU.

JIBa MHO>KECTBa HAaXOASATCS B OTHOIICHHH BKIIIOUCHUS,
€CIM  BCE DJIEMEHTHI OJIHOIO MHOMKECTBA  SBJISIOTCS
aleMeHTaMu apyroro. Hampumep, eciu Bce dSJIE€MEHTHI B
MHOKECTBA A SBIISIOTCS 3JIEMEHTaMU MHOKeCTBa B, To A
BKJIIOUaeTcs B B, a B Bkimoyaer 4. A C B
Hanpuwmep, 4 = {c, d, f, g}, B={g, r, k, f, c, d}.
A C B, Tak Kak BC€ DJIEMEHTBHl MHOXECTBa A SBJSIOTCS OJHOBPEMEHHO U
AlIeMEeHTaMHW MHOKecCTBa B.
JIBa mHokectBa A m B HaxomdaTrcs B OTHOIICHUH
PaBEHCTBA, €CJIM KaKIbIA 3J1eMeHT A OyIeT TakKe SIBIATHCS
aneMeHTOM B, u kaxnplii a71eMeHT MHOXKecTBa B Oyner Taxxe
IBIISATHCS deMeHToM A, T.e. A=B © A C Bu BC A.



Hanpumep, A = {x|x e N,3<x<10}; B={ylyeN, 4<y <9}
Kak BusHO, MHOKeCTBa A 1 B paBHBI, Tak Kak COCTOST M3 OJHHUX M TEX K€
snemenToB: A = B = {4,5,6,7,8,9}.

OTHOLIEeHHA MeXKy MHO)KecTBaMH A 1 B

v h A

MmuoxectBa A u B MmuoxectBa A u B
HAXOMATCA B OTHOIIEHHH HAaXoIATCAd B OTHOIIEHHH
nepecevyeHust HelepeceuyeHHA

ON6
L

MmuoxectBa A u B Muoxkectea A u B MmuoxectBa A u B
HaxXOIOATCA B OTHOIIEHHH HaxXomATCAd B OTHOIIEHHH HAXOIATCS B OTHOIIEHHH
nepecevueHus1 00MIero BKJIIOUEeHHA PaBeHCTBa
MOJI0KEeHHA

oD

Z N\

MHuoxecTBO A BKIIOUAET MmuoxectBo B BKIIOUAaeT
B ce0g MHOXKecTBO B B ce0s MHOKeCTBO A

S

1.6 Onepanum HAX MHOKECTBAMU

1.6.1 IlpenBapuTe/ibHbIe 3aMeYaAHHUS

Han mMHOXECTBaMM MOXHO MPOU3BOAUTHL JEUCTBUS, KOTOPhIE BO MHOTOM
HAIIOMUHAIOT JEHUCTBUS CIIOKEHHUSI M1 YMHOXKEHHS B dJIeMeHTapHOU anredpe. Eciu
a ¥ b HEKOTOpbIC YUCIIa, TO 3aKOHBI 3JICMECHTAPHOM aJareOpbl MOXKHO 3aIHCaTh KaK:
1. a+b=b+a; a-b=>b-a - KOMMyTaTUBHBIN (TTEPEMECTUTETHHBIN) 3aKOH;
2. (a+b)+c=a+(b+c)

(a-b)-c=a-(b-c)

3. (a+b)c=ac+bc - mucTpubyTUBHBIN (pacHpeaeIUTEIbHBIN) 3aKOH.
3amMeTMM, 4YTO B aCCOUMATUBHOM KM KOMMYTATHBHOM 3aKOHAaX MOXHO
3aMEHUTh JICHCTBUE CIIOKEHHSI YMHOXKEHUEM, a JCHUCTBHE YMHOXCHUS —
cnoxxenueM. [Ipu 3ToM mosydum Jpyroul 3aKOH, KOTOPBIM OyAeT CIpaBejINB Kak
1 niepBbiii. OgHAKO B TUCTPUOYTUBHOM 3aKOHE MOA00HOM cummeTpun HeT. Eciu B
ATOM 3aKOHE 3aMEHUThH CIIOKEHHUE YMHOKEHHEM, a YMHOXKEHHE CJIO0KEHUEM, TO

} - aCCOILIMaTUBHBIN (COUYETATEIbHBII) 3aKOH;



npuneM K Beipaxenuto (a-b) + ¢ = (a+c) - (b + ¢), KoTopoe B IEMEHTAPHOM
anreOpe HeclpaBeIJIuB.

Bcerna nmu ato Tak? Oka3pIBaeTCs CYIIECTBYIOT aJireOpbl, 1 UMEHHO aliredpa
MHOKECTB, B KOTOPOM BCE TpU 3aKOHA CUMMETPUYHBI OTHOCUTEIBHO JEUCTBUMN
“croxeHuss” U “yMHOXKEHHUS .

1.6.2 O0beanHeHHe MHOKECTB

Oobveounenuem muoxycecmeé A 1 B Ha3pIBAalOT MHOKECTBO, COCTOSIICE M3
BCEX T€X M TOJIBKO TEX 3JIEMEHTOB, KOTOpbIE MPUHAJICKAT XOTS Obl OJHOMY W3
MHOXecTB A U B. OOnennuHenne MHOXeCTB A U B 0003HauaeTcss cUMBOJIOM U,
T.¢. AU B.

OmnpeneneHue 00beTMHEHUS MHOYKECTB MOYKHO 3aITMCaTh KaK

AUB ={x|x € A uiu x € B}. 1.6

CrnemyeT 3aMeTUTh, YTO OOBEMHEHHE MHOKECTB MHOT/[a HA3bIBAIOT CYMMOM
MHOXKECTB M WHOrma o0o3HadaroT kak A+B. OmgHako cBoucTBa OOBEIUHEHUS
MHOXECTB HECKOJBKO OTJIMYAIOTCSI OT CBOMCTB CyMMbl TIpU  OOBIYHOM
apuMETHIECKOM TOHUMaHUM. [lodTOMY TEPMHHOM CymMMa TIIOJIb30BaThCs HE
PEKOMEHIyeTCHl.
IIpumepsl.
1. Ilycrs A={4,5,8,12,16,21}; B={1,2,5,7,12,17,21,30}. Toraa

AuB={1,245,7,8,12,16,17, 21,30}.

2. Ilycts A={a,b,c,d}; B={a,d,ef,g}. Torna AU B ={a,b,c,d,e,f,g}.

Ecnu mHOXecTBa 4 1 B npe/IcTaBUTh B BUJIE TOYEK, OTPAHUYCHHBIX
OKpY)XXHOCTSIMU A u B coOTBeTCTBEeHHO, TO O00BeAMHEHHE MHOXecTB AU B
NPEACTaBIAEeT COOOM 3aKpalleHHYI0 00JIaCTh, OTPAHUYEHHYIO OOOMMHU Kpyrami,
Kak 3TO MMOKa3aHo Ha puc. 1.1.

[TonssiTne  OOBEIMHEHHWS  MHOXKECTB  MOJXKHO
pactpocTpaHuTh U Ha OoJbIlIee YUCI0 MHOXKECTB. [1ycTh
M={Xq, X,,.... Xn} — COBOKYITHOCTb N MHOXECTB X1, Xy, ...
Xn, Ha3bIBAEMYI0 cHCTeMOW MHOXkecTB. OObenuHeHue
Puc. 1.1 ATUX MHOXECTB TMPEJCTaBIseT CcOOOM MHOXKECTBO,
COCTOAIIEE M3 BCEX TEX W TOJIBKO TEX OJIJIEMEHTOB,
KOTOPBIE TIPUHAITIEKAT XOTs ObI OTHOMY U3 MHOKECTB CHCTEMBI M.
i Xi =Uxen X = X;UX,UX5U - UX, 1.7
JIiist 00beTMHEHNST MHOXKECTB CIIPABE/JIMBBI KOMMYTAaTUBHBIN U aCCOIIMATHUBHBIN
3aKOHBI:

AUB=BUA ; 1.8
(AUB)UC=AUBUC)= AUBUC. 1.9
Briosiae oueBuaHo, uto AU J = A. 1.10

1.6.3 IlepeceueHre MHOMXKECTB
Ilepeceuenuem muorxcecmeé A m B Ha3pIBAlOT MHOXKECTBO, COCTOSIIIEE
TOJIBKO MIX T€X M TOJBKO TE€X 3JIEMEHTOB, KOTOPBIC MIPUHAIICKAT KaK MHOYKECTBY
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A, Tak 1 MHOXeCTBY B. IlepeceueHne MHOKECTB 0003HAYaETCsl CUMBOJIOM N, T.€.
A N B. OnpeneneHue nepeceyeHns MOXKeT ObITh 3aIIMCAHO KaK
ANB={x|x€ Aux 3 B} 1.11
Ilepeceduenre MHOXECTB MHOT' 1A HA3BIBAIOT IIPOU3BEICHUEM MHOXKECTB, UTO
HEKOPPEKTHO.
IIpumepsl.
1. Ecmu 4={4,5,8,12,16,21}; B={1,2,5,7,12,17,21,30}, To A n B ={5,12,21}.
2. Ecim A={a,b,c,d}; B={a,d,ef,g}, 0 AN B ={a,d}.
Ecnn A — MHOXKECTBO JIEBOTO Kpyra, B — MHOXKECTBO
IIpaBoro Kpyra, TO IlepeceyeHue MHOxectB A NB
IPE/ICTaBIIAET COOOM 3aKpallleHHYIO 00J1acTh, SABJISIONTYIOCS
oOuieil yacTbio 00OMX KpPYroB, Kak 3TO MOKa3aHO Ha pUC.
1.2.
Puc. 1.2 MHuoxxecTBa A M B Ha3bIBalOTCS HEIEPECEKAOIIUMHUCH,
€CIIM OHU HE UMEIOT OOIINX AIIeMEeHTOB, T.¢ A N B =J.
Mpumep. [ycts 4={3,4,5}, B={2,6,7}. Torna A N B =J.
MnuoxectBa A m B HaxomsaTCsl B OOIIEM IOJO0XKEHHH, €CIU BBIIOIHIIOTCS
TPH yCIIOBUSL:
e (CyIIeCTBYET MNEMEHT MHOKECTBA A, HE IPUHAIJICKABIINNA MHOXKECTBY B;
e CymecTBYET 3JIEMEHT MHOXKECTBA B, HE NPUHAJUICKABIINN MHOXECTBY A;
e CymecTByeT »3JIEMEHT, MPUHAWICKANMI KaK MHOXKECTBY A, Tak u
MHOKECTBY B.
[lepeceuenune pacnpocTpaHseTcss U Ha OoJibllee KOJUYECTBO MHOYKECTB.
[Tycte umeeM cuctemy MHOKeCTB M={X1, X,,.... Xn}. MHOXKeECTBO
Nyxenw X = N1 X; = X1NX,NX3N - NX, 1.12
MIPEACTABISIET COOON MHOYXKECTBO, AJIEMEHTBI KOTOPOTO MPUHAIEKAT KaXKIOMY M3
MHOKECTB CUCTEMBI M.
[lepeceuenne MHOXKECTB 00J1aJa€T CBOMCTBOM KOMMYTaTUBHOCTH

ANB=BNA 1.13

¥ aCCOIIMATHBHOCTH
ANnB)NC=ANn(BNnC)=AnNnBnNnC 1.14
Kpome Toro mmeet mecto cootHotmenune: A N = . 1.15

1.6.4 Pa3HOCTH MHOKECTB
Paznocmuio mnosrcecme A n B Ha3bIBaIOT MHOXKECTBO, COCTOSAIIEE U3 TEX U
TOJBKO TE€X DJIEMEHTOB, KOTOPBIE MPUHAIICKAT TOJBKO MHOXKECTBY A M HE
MIPUHAJJIC)KAT MHOXKECTBY B. PasHoCTh MHOKeCTB' 4 u B 0603HauaeTcs A\B.

dopMaIbHO OIPENEIIEHHE PA3HOCTH MHOKECTB A U B MOKHO 3aIlicaTh B BUE:
A\B = {x|x e Aux & B}. 1.16

IIpumepsl.
1. Tlycte umeem 4={4,5,8,12,16,21}; B={1,2,5,7,12,17,21,30}.
Torna A\B ={4,8,16},a B\A ={1,2,7,17,30}.

1
Pasnocts MHOKeCTB A 1 B Ha3wIBaroT Taxke nononHeHueMm B mo A.
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2. A={ab,c,d}; B={a,d.e,f,g}.
B stom ciyuae monygaem: A\B ={b,c} u B\A ={e,f,g}.
Ecnu xak u paHnee MHOXecCTBa A4
u B u3o0pa3uth B BHUAE TOYEK
KpyroB A U B COOTBETCTBEHHO, TO
pPa3HOCTh ~ MHOXECTB  Oyjer
a) p b) IOPENCTaBIATHCS TaK, Kak 3TO
He. 1.3

nmoka3zaHo Ha puc. 1.3, roe a)

cooTBeTcTBYeT pasHoctu A\B, D) - paznoctu B\A.

1.6.5 CumMeTpHYecKasi pa3HOCTh
CummempuuecKkoil pazHocmsblio MHOXKECTB A U B Ha3bIBAIOT MHOXECTBO,
cocTosiee U3 00beMHeHUsT MHOXeCTB pasHoctel A\B u B\A. Cummerpuueckas
pPa3HOCTh MHOXKECTB 4 U B 0003Ha4aeTcst ciMBOJIoM A (MHOTIa CUMBOJIOM ).
Takum 006pa3om, Mo ONpeETICHUIO
AAB = A\B U B\A. 1.17
Herpyauo yoeautscest, uto AAB = (A U B)\(4A N B). 1.18
IIpumepsil.
1. Umeem: A={4,5,8,12 }; B={1,2,12, }. Torma A4B ={1,2,4,5 }.
2. A={a,b,c,d}; B={a,de,f,g}. B atom ciiyuac momyuaem A4AB ={b,c,e,f,g}.
['padpriueckn cummeTpuyHas pa3HOCTb MHOXKECTB A U B
MOXET OBITh MpEeACTaBICHAa Kak IIOKa3aHo Ha puc. 1.4.
3akpalmieHHble 00JaCTH COOTBETCTBYIOT CHUMMETPUYECKOMN
Pa3HOCTU MHOXECTB A U B.

Puc. 1.4 1.6.6 YHHBepCAIbHOE MHOKECTBO

Kak yxe rosopuiock B 1.4, ecau B HEKOTOPOM PACCMOTPEHUHN YYACTBYIOT
TOJIKO MOJIMHO’KECTBA HEKOTOPOTO (PMKCHPOBAHHOIO MHOECTB |, TO 3TO camoe
OOJIBIIIOE MHOXKECTBO HA3BIBAIOT YHUBEPCANbHBIM (UU NOJIHBIM) MHONCECHEOM,
WU - YHUBEPCYM.

B pa3snnuHBIX KOHKPETHBIX CIIy4asxX pOJb YHHBEPCAJIBHOTO MHOXKECTBA
UTPAIOT Pa3IMYHbIE MHOXKECTBA. Tak, IpW pacCMOTPEHUMU CTYAEHTOB MHCTUTYTA
YHUBEPCAIbHBIM (TIOJIHBIM) MHOXECTBOM SIBJISIETCSI BCS COBOKYIMHOCTH CTYJIEHTOB.
OtaenbHble Tpynmnbl (PakynbTeThl) MOKHO pacCMaTpUBATh KaK MOJMHOXKeCTBa. B
HEKOTOPBIX CIy4YasiX YHUBEPCAIBHBIM MHOKECTBOM MOJKET SIBJISITHCA U OTHAEJIbHAS
rpynmna, B KOTOpOl MMEIOT MECTO CBOM MOJMHOXKECTBA (OTIMYHHUKH; CTYJIECHTHI,
IPOXKHUBAIOIINE B OOLEKUTUN; FOHOIIN; JEBYIIKU U T.I1.).

BriosiHe 04€BHMIHO, YTO I YHUBEPCAIBHOTO MHOXECTBA CIIPABEIJIMBBI
CIEAYIOIINE COOTHOILLICHHUS:

ANlI=A4A un Aul=I 1.19
VYHuBepcaabHOE MHOXKECTBO yIOOHO M300paxkaTh rpaduyecku B BHUJC
MHOXECTBA  TOYEK  MPSAMOYTOJIbHUKA. Paznuunbie  obinacth  BHYTpHU

MNpAMOYTOJIbHUKA 6y,HYT O3Ha4aTb Pa3IWYHBIC IMOAMHOXXCECTBA YHHBCPCAJILHOI'O
MHOKCCTBA. I/I306pa}KeHI/I€ MHOXKECTBA B BHJEC oOnacreii B MMPAMOYTOJIBHUKC,
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MPEJCTABIIAIONIEM YHUBEPCATIBHOE MHOXECTBO, Ha3bIBAIOT JUarpaMMoin Oilnepa-
Benna.
1.6.7 JlonmoJiHEHHE MHOKECTBA

MHO:xecTBO A, OpeenseMoe U3 COOTHOIIEHHUS
A=1\A 1.20
Ha3bIBAIOT 0ONOIHEHUEM MHOMcecmea A (10 YHUBEPCaIbHOTO MHOXKECTBA |)
I'paduuecku momosiHeHHEe MHOXKECTBAa A MOXKET ObITh MPEICTaBICHO Kak
OKa3aHo Ha puc. 1.5.
dopManpHOEe ONpENEICHUE JOMOJHEHUs MHOXecTBa A MOXKET ObITh
3anucaHo Kak

A={x|x €lux ¢ A} 1.21

U3 ompeneneHns TOMOMHEHHs MHOXECTBA cieayeT, 4To 4 U A He UMeroT
OOIIMX PJIEMEHTOB, T.€.

ANA=0Q 1.22

A I Kpome Toro, ANA =1 1.23

N3 cummerpuu popmyn 1.22 u 1.23 cnenyer,

4TO He TOJIbKO A sABNseTcs nononHeHueM A, Ho u A

aBisieTcs nonoaHenneM A. Ho nomonHnenune A ectb

A. Takum obpasom A = A 1.24
Puc. 1.5
C mnoMomipi0 omeparuy JOMOJIHCHUS yJOOHO TPEICTaBHTh Pa3HOCTh
MHOKECTB:
A\B={x|x€Auxé&B}={x|x€Aux € B},T.e. AB=ANB 125

1.7 _IlpuHuun J1BOMCTBEHHOCTH B ajiredpe MHOKECTB
B Teopunm MHOXECTB M €€ TMPWIOKEHUSX OYCHb BAXKHYIO POJIb UTPaAET
OPUHIIMI ~ JBOMCTBEHHOCTH, KOTOPHI OCHOBaH Ha  CJICAYIOIIUX  JBYX
COOTHOIICHHSIX
1. JlononHenue o0ObeAMHEHUI PaBHO MEPECECUCHUIO TOTIOTHEHHI.

NU;A; = N;(IN\Ay) 1.26
2. JlomoyHEeHUE epeceUeHrs paBHO OO BEAMHEHNUIO TOTIOTHEHUIA.

[IpuHUIMIT TBONCTBEHHOCTH COCTOMT B TOM, YTO U3 JIIOOOTO pPAaBEHCTBA,
OTHOCAILETOCS K CHUCTEME TIOJIMHOXECTB (PUKCHUPOBAHHOTO MHOXecTBa |,
COBEPILIEHHO aBTOMAaTUYECKH MOXKET OBbITh MOJy4eHO JpPYyroe JIBONCTBEHHOE
PaBEHCTBO MyTEM 3aMEHbI BCEX PACCMATPUBAEMbIX MHOKECTB MX JOMOJHEHUSIMU,
00bEIMHEHUN MHOXKECTB — MIEPECEUCHUSIMU, A TTEPECeUCHUN — 00bEIMHEHUSIMH.

[TpuBenem nokaszaTenbCTBO COOTHOIIEHUS 1.26.

ITycts x € I\ U; 4;. DT0 03Ha4aeT, 4TO X HE BXOAUT B oObeauHenue U; 4;,
T.€. HE BXOJUT HM B OJHO M3 MHOXeCTB A;. CienoBaTenbHO, X MPUHAMJICKUT
kaxaoMy w3 gononHeHuil [\A; u mostomy x € N;(I\A4;). OOpatHO: myCTh
x € N;(I\4;), T.e. x Bxogut B kaxnoe I\A;. Torma x He BXOAWT HU B OJIHO W3
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MHOXECTB A;, T.. HE MPUHAMICKUT UX oObenuHenuto U;A;, HO Torma x €
I\ U; A;. PaBeHcTBO n0Ka3aHO. AHAJIOTHMYHO JOKa3bIBAETCS PaBEHCTBO 1.27.

1.8 _ToxknecTBa ajredpbl MHOKECTB

C nomomipio onepanuil  00beIMHEHHUS, TEepeceYeHus, IOMOTHEHUS U3
MHOXECTB ~ MOXHO COCTaBUTb pa3JIMYHblE alNreOpanvyeckue  BBIPAKECHUS.
O6o3naunm  uepe3 V(A,B,C) Hekoropoe anreOpandeckoe  BBIPaKEHHE,
COCTaBJICHHOE€ M3 MHOXkeCTB A, B, C u mnpencraristoniee coOOW HEKOTOpOe
MHOKECTBO.

[Tycts W(A,B,C) — npyroe anrebpanueckoe BBIpaKEHHE, COCTABICHHOE U3
TeX e MHOXecTB. Eciim 00a anreOpandeckux BBIPKECHHS TIPEICTABIAIOT cOO0M
OJIHO U TOXE MHOXECTBO, TO MX MOXHO NPHUPABHATH APYr K JAPYry, HOJIydas
areOpanvecKkoe TOXKAECTBO BUA:

V(A,B,C)=W(A,B,C)

Takue ToXKHecTBa O4YEHb MOJIE3HBI NMPU MPEOOpPa30BaHUU ANreOpanvdecKux
BBIPKEHUI HaJl MHOKECTBAMU.

1. CocraBum nuarpammbl Ditsiepa-BeHHa 1151 BRIpaKEHUM:

(AuB)NnC u AnNnC)u(BNCOC)

- .
AN A

W3 nguarpaMm BHIHO, 4TO 00a BBIPAXKEHUS OMPENCISIOT OJHO M TOXE
MHOYECTBO, TAK 4TO HMEET MECTO PABEHCTBO
(AUB)NC=(ANC)U(BNC) 1.28
2. CocraBuM auarpaMmsbl Jiiepa-BeHHa a1 BeIpakeHHIM

(ANB)UC 1 (AuC)Nn (BUC).

A [
A v

N3 mocTpoeHHBIX AUArpaMM BUIAHO, YTO OHH OTPakalOT OJTHO M TOXKE
MHOKECTBO, CIIEJIOBAaTEIbHO, MEXIY BBIPAKCHUSIMU MOXKHO TIOCTaBUTh 3HAK
PaBEHCTBA:

(AnB)UuC=(AuC)Nn(BUC(C) 1.29
3. Jlerko yoeauthes, uto ecniu B € A, To

! PaBencTBO aHANOrMYHO AMCTPHOYTHBHOMY 3aKoHY (a+b)c=ac+hc B 06brunoii anrebpe.
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ANB=B u AUB = A. 1.30
JIeCTBUTENBHO, BCE AJIEMEHTHl MHOXKECTBA B ABISIOTCS B TO K€ BpeMs U
aneMeHTaMu MHOkecTBa A (T.K. A BkIOYaeT B 1O  ONpeneseHUIo).
CrnenoBaTenbHO, MepeceyeHre ITUX MHOXKECTB, T.€. 00111as 4acTb MHOXKECTB A U B
coBmagaectr ¢ B. B o0pequuenne MHOXKeCTB A U B MHOXKeCTBO B He BHECET HH
OJIHOTO 3JIEMEHTA, T.K. KAXKIBIA 3JIEMEHT MHOXECTBA B ABISETCA U 3JIEMEHTOM
MHOXecTBa A (1Mo  ompeneneHu0), W ciaemoBarenbHo AU B = A.
CooTtBeTcTBYyIOLIME AUarpaMMel Diinepa-BenHa npusenensl Ha puc. 1.6.

BCA;AnNnB =B BCA;, AUB=A
I I
A p A Tn
ANB AUB
Puc. 1.6
4. Tlonaras B 1.30 B=A u yuutsiBas, uto A € A, noirydyaem:
ANA=4, AUA=A 1.31

VYcTaHOBIEHHE TOXIECTB alareOpbl MHOXKECTB C IOMOIIBI JIHArpamMmm
Diinepa-Benna He Bcerna siBnsiercs ynoOHbIM. MMeercs Gosiee oOmuii crioco0
YCTaHOBJICHUSI TOKJIECTBEHHOCTH JIBYX ajreOpanveckux BbIpakeHuidl. Panee ObL10
MOKa3aHO, YTO MHOYKECTBO 4 paBHseTCAI MHOXKeCcTBY B,eciu A € B u B C A.

[Mycte kax um panmee uepes V(AB,C) u W(AB,C) o0o3naueHsl jBa
anreOpandecKuX BBIPAKEHUS, TOTYYUBIIUXCS IyTEeM TPUMEHEHHUS OIeparuit
00bEeIMHEHUS, TIEPECEUCHUS U JOTOJIHEHUS K MHOXecTBaM A, B, C. Toraa, 4To0Obl
nokaszath, uto V=W nmocrarouno moka3zate VCEW u uyro W € V. B cBoro
ouepesb, 4TOObl MoKa3ath, uto V € W, HyxkHO yOenuThbed, uto U3 xeV ciemyer
xeW. Ananorudno, 4ToObI 1Moka3ath, uto W C V, HyHO yoeauThes, uro u3 xe\W
cinenyer xeV.

Crnenyer 3aMeTHTh, 4YTO KaX/J0€ M3 JOKa3aTeJIbCTB COCTOUT U3
MOCJIeI0BaTEILHOCTH yTBEpkAeHU Buaa “ecnu P, To Q” (ecnu cnpaBeniuso P,
To cnpaBemmBo u Q). Jlns ymoOGcTBa 3TO yTBEPKIECHUE 3aNUCHIBACTCS Kak

"P = Q" u uwuraerca “uz P cimegyer Q7. CrnemoBarenbHO, €CIM HMEETCS
nocieaoBarenbHocTs Py, Py, Py, -+ P, Takas, uto Pp = P;,P; = P,,---P,,_1 = P,
(w3 P, cnenyer P;, uz P; cnenyer P,, ..... P,_; cienyer P,), ToO UMEET MeCTO

JI0Ka3aTenbeTBO Py = PB,.
Bocnosib30BaBIIMCE 3TUM METOJOM, TOKaKEM HEKOTOPBIE TOXKIECTRA.
1. Hokasats,uto AN (BUC) = (ANB)U (AN C).
JlokazarenbCTBO:
x939AN(BUC)=x€Auxe(BUC)=>x2Au(x€EBumx €)=
(x€eEAux€eB)umm(xd2AuxelC)= x€e€ANB)um(x€e€ANC)=
x€(ANB)UANC).
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U3 storo cneayer, uto AN(BUC) S (ANB)U(ANC). (a)

Tenepb HEOOXOAUMO J0KA3aTh BKIIOUCHHE C B OOpaTHYIO CTOPOHY:
xEANB)UANC)= (x€eANB)umm(x€ANC) = (x€Aux€B)
wm (x DAux€C) = x3Au(x€Bumx€elC = x€eAuxe(BUC)=

x3ANn(BUCL).
Cnemosarensno, (ANB)U(ANC)S AN (BUC). (6)
Torma Ha OCHOBaHWHW TOJY4YEHHBIX BhIpakeHuud (a) m (0), cormacHo 1.5
UMEET MECTO PABEHCTBO:
ANBUC)=(ANB)U(ANC).
AHanornyHo Jtoka3siBacTcs M paBeHCTBO (AN B)U C=(AUC)Nn (BUCC).

2. Jloka3aTh TOXKJIECTBO:

AUB=ANB. 1.32
JlokazaTenbCTBO:

ax€EAUB=x¢AUB=x¢Aux¢B=x¢ ANB,
T.e. AUB S ANB;
bx€EANB=x€EAuxeEB=x¢Aux¢é¢B=x¢AUB =
x €EAUB, re. ANB S AUB.
CaenoBarenpno, AUB = ANB.

3. Jlokas3aTh TOXKJIECTBO:

ANB=AUB. 1.33
Jloka3atenbCTBo:

a. XEANB=x¢ANB=x¢Aux¢ B = x € Au(wm)x € B,
T.e.AﬂBQZUE;

b.xEAUB=x€cAuwmx€eB=x¢AuxeéB=x¢ANB=
x€EANB,Te.AUB S ANB;

CnenoBarenpHo, AUB = ANB.

ToxnectBa 1.32 m 1.33 wurparoT BaxHYI0 pOJb B NpeoOpa3OBaHHUU
anreOpanyecKux BBIPAYKEHUM areOpbhl MHOXKECTB U OCOOCHHO B MaTEeMaTUYECKOM
joruke. VX oObIYHO Ha3bIBAIOT mocoecmeamu oe-Mopzana wnu 3aKkonamu oOe-
Mopzana.

KoneuHo, myig n0ka3aTtenbCTB TOXKIECTB MOTYT HMCIOJIB30BATHCS pPa3HbIC
noaxoasl. JJokaxeM, HampuMep, TOXKAESCTBO 1.33, OCHOBBIBAsICh HA COOTHOIIIEHUU
1.32 u yuursiBas 1.24

Htak, HeoOXoauMo noka3ath, 4To A N B = A U B.
[IpuBenem o0e 4YacTh paBEeHCTBA K OJHOMY BHIY. BBIMOnHssS omeparuio
JIOTIOJTHEHUS HAJl O0EMMHU YaCTSIMU, TIOJTydaeM:

ANB=AUB.

Ho, yuutsiBas cootHomenue 1.24 (Z = A), nonyqaeM AN B = AN B.
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JIiist mpaBoi yacTh Ha OcHOBaHuM 1.32 nmeem:

AUB=ANB=AnNB.
I/ITaK, 066 qaCcTu HpI/IBCIleHLI K OILHOMy BI/II[y, CJICO0BATCIIBHO, TOXIACCTBO

CIIPaBCIJINBO.

Ha ocHOBaHMU BBIIICHU3IIOKEHHBIX onepaunﬁ 141 OHpGI[GJIeHI/II‘/II IMPUBCACM

OCHOBHBIC 3aKOHBI TCOPUH MHOKCCTB!

1.

2.

3aKOHbI KOMMYTATUBHOCTH (IIEPEMECTUTEIIbHBIN 3aKOH):
ANB=BNA;

AUB =B UA.
3aKOHBI ACCOIIMATUBHOCTH (COYETATEIbHBIN 3aKOH):

AUu(BUC)=(AUB)UC;
AnBnNnC)=AnB)NC.
3aKOHBI JTUCTPUOYTUBHOCTH (paclpeaeMTeNbHbIA 3aK0H):
AUMBNC)=(AUB)N(AUCC);
ANn(BUC)=ANB)UANC).
3aKOHBI UAEMITIOTETHOCTH:
AUA=A

ANA=A

3aKOHBI IOTJIONICHUSA:
AU(ANB) =4

AN (AUB) = A.

3aKOHBI CKJICUBAHMUS:
(AnB)U(ANB)=4;

(AuB)n(AUB) = A.

3akoHbl 1e-Moprasna:

AUB=ANB;

ANB=AUB.

3aKOHBI HYJIS U STUHUIIBL:

AV =4, AN =G;

Aul=1, AnlI=A.

3aKOH JIBOMHOT'O JTOMOJHEHUS (MHBOJIIOIHS):

A= A.

1.9 Pa3ouMeHue MHOXKeCTBA
OnHolt 3 HamboJsiee YacTO BCTPEHAIOLIMXCS OMepaluii HajJ MHOXKECTBaMU

SIBJIACTCS OICpanus p3.36I/ICHI/ISI MHO>KCCTBa Ha CUCTEMY IMOJAMHOKCCTB.

Ipumepsi:

1. Ecnmu N — MHOXECTBO HaTypajbHBIX YUCEN, a 4 U B — MHOXECTBA YETHBIX

M HEYETHBIX YHCEJ COOTBETCTBEHHO, TOo cuctema {A B} Oyaer paszOuenHuem
muHoxectBa N. Koneuno, mHokectBo N MOXHO pa3OuTh W Ha Jpyrue
ITOAMHOKECTBA: MHOXKECTBA YHCe, ACISIIMXCS Ha 2, Ha 3 U T.II.
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2. Bce MHOXECTBO CTYJEHTOB MHCTHTYTa MOXKHO pa30MTh Ha OTAEIbHBIC
MOJIMHOKECTBA, MPEJCTABISAIONIME COOOM MHOXXECTBAa CTYIEHTOB TPYMIbBI (MU
dakynabTeTa).

3. Ilponykuusi npeanpusatus (a 3TO €CTh MHOXKECTBO) pa30MBaeTCs Ha
IPOIYKIHUIO MEPBOrO COpPTa, BTOPOrO COPTa, MCIPABUMBbIA Opak, HEUCIIPaBUMBIN
Opak U T.[., TO €CTh — Ha OTJEIbHBIEC MOAMHOKECTBA.

PaccMoTpuM HEKOTOpOEe MHOXKECTBO A M cucteMy MHOXKeCTB M={Xy, X,, X3,

. Xn}

Omnpenenenue. CucreMy MHOXECTB M Ha3bIBalOT pa30MEHHEM MHOXXECTBA
A, ecnu yTOBJIETBOPSIIOTCS CIEAYIOLIUE YCIOBUS:

1. JIro6oe MHOXeECTBO X U3 M sIBIIsI€TCS MOAMHOKECTBOM MHOMXECTBA A

VXEM = X C A.

2. JIroGble 1Ba MHOKECTBA X; U Xj U3 M SABIIAIOTCA HENEPECEKAIOIUMUCS:

3. O0benuHEHNE BCEX MHOXKECTB, BXOJSIIMX B pa30HeHHE, JaeT MHOXECTBO A,
T.e. Uyey X = A.

1.10 YnopsijgoueHue 3J1eMEHTOB U IPsSIMOe NMPOU3BeIeHe MHOKECTB

1.10.1 YnopsiioueHHOEe MHOKECTBO

Hapsany ¢ NOHSATHEM MHOXECTBA OYEHb Ba)XHBIM TIOHSITUEM SIBIISIETCS
MIOHSITUE YHOPAOOUEHHO20 MHOMHCECHI8A VIV KOpmeica.

Kopmesicom Ha3bpIBAIOT TOCIEIOBATEILHOCTh 3JIEMEHTOB (COBOKYITHOCTD
AJIEMEHTOB), B KOTOPOW Ka)KIblil AJIEMEHT 3aHUMAET ompenesieHHoe mecto. Camu
AJIEMEHTHI MPU 3TOM Ha3bIBAIOT KOMIIOHEHTaAMHU KOpTeXa (IepBasi KOMIIOHEHTA,
BTOpasi KOMIIOHEHTA U T.]1.).

[IpumepamMu KoOpTeke MOTYT OBITh: KOOPJIMHATHI N-MEPHOTO BEKTOPA,
MHOECTBO JIIOJICH, CTOSAIIMX B OYEPEaH; MHOXKECTBO CJIOB B (Ppasze; uucna,
BBIp@XKAIOIIUE JOJIrOTY M IIMPOTY TOYKM HA MECTHOCTH; MapaMeTphl,
XapaKTepU3ymoIue COCTOSTHUE KaKOro-JIn00 00bEeKTa, yCTPOUCTBA U T.11.

JIrobast  TexHUYeckass CHUCTEMa 4YacTO  OIMCHIBA€TCSI  MHOXKECTBOM
napaMeTpoB, MPUHUMAIOIINX YHUCJIOBbIC 3HaueHUs. T.e. cucTema MpeCcTaBIIsIeTCs
HEKOTOPHIM HA0OpPOM TapaMeTpPOB, XaPAKTEPHUIYIONIUX CHUCTEMY — MHOXKECTBOM
HEKOTOphIX yncen. [Ipu 3ToM ycTaHaBIMBAIOT, KAKOW MapaMeTp CUUTATh MEPBBIM,
Kakod BTOpPHIM U T.1. T.e. COBOKYNHOCTH NapaMeTpPOB MPEICTABISIETCS B BUIE
YHOPSIIOUEHHOTO MHOKECTBA — KOPTEXKaA.

Uucao 2JIeMEHTOB KOpPTEKa HA3bIBAIOT €ro MHOW. [l o06o3HadeHHS
KOPTEKa HMCIOJB3YIOT Kpyrible ckoOku. Tak, Hampumep, X=(Xi, X, .... Xp), WIH
X=( X1, Xp, .... Xn ) — KOPTEXK JUTHHBI N C 3JICMEHTAMH X1, X, .... Xp.

Koprexun nnuHo# 2 Ha3bIBalOT MapaMu, 3 — TpolKkamu, 4 — yeTBepkaMu, N —
n-kamu. [lyctoii koprexx oOo3Hauaercs ( ) Wik cuMBojioM A. B ortnuumm ot
OOBIYHOTO MHOXECTBA B KOPTEXKE MOTYT OBITb W OJIMHAKOBBIC AJIEMEHTHI (/Ba
OJIMHAKOBBIX CJIOBa B (hpa3ze, OJIMHAKOBBIC YHCIIOBBIE 3HAYEHUS MapaMeTpoB
CHUCTEMBI U T.IL.).
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YHopsI04eHHON TMapoM Ha3bIBACTCS ABYXAJIEMEHTHOE MHOXKECTBO, IJIA
KOTOPOr0 YKa3aHO, KAaKOW JJIEMEHT SBIIETCA MEPBBIM, KAaKOM — BTOPBIM H
obo3Hawaercs ( X1,X7)

Ecmu paccmaTpuBaTh ynopsiiOY€HHBIE MHOXKECTBA, 3JIEMEHTAMU KOTOPBIX
SIBJISIFOTCS BEILIECTBEHHBIE YHCIIA, TO TAKUE YIOPSAJOUYEHHBIE MHOKECTBA HA3bIBAIOT
TOYKaMH IPOCTPAHCTBA UM BEKTOpaMu. Tak, KOPTEK X1, X, —paCCMaTPUBAETCA KaK
TOYKa Ha IUIOCKOCTH WJIA BEKTOP.

A2
Xo | . XX KoMnoHeHTHI X1, X; OyAyT MPOEKIUIMH BEKTOpa
Ha oculmu?2.
, 1 —_— . —_
: le(xl,xz)—xl, sz(xl,xz)—xz-

:

v’ 1 o

X1 > 1

Koprexx (x1, X, X3) paccMaTpuBaeTcs Kak TOYKa B TPEXMEPHOM
IIPOCTPAHCTBE, WU KAK 3-X MEPHBIA BEKTOP:

. A pi=(X1, X2, X3)=Xi;  1=1,2,3

Xo Xa 71T BX1,X0iX3 Ecu roBopuTh 0 IPOEKIUH KOPTEKA

cpasy Ha OCH, T.€. Ha KOOPAWHATHYIO

IUIOCKOCTh, TO HETPYAHO YBHJETh, YTO
Ip12(X1,X2,X3)=X1,Xz;
Ip23(X1,X2,X3)=X2,X3;
IIp13(X1,X2,X3)=X1,X3.

O6o0miasi 3T TOHATHS, BHAHO, YTO YHNOPSAOYEHHOE  N-3JIEMEHTHOE

MHOYKECTBO BEIECTBEHHBIX YHCEN (X1, Xp, .... Xp) paccMaTpHBAeTCs KakK TOYKa B

N—MEPHOM MPOCTPAHCTBE, HA3BIBACMOM THMIIEPIIPOCTPAHCTBOM WU N-MEPHBIM
_ a1

BekTopoM. [Ipu atom,  TIpi(Xy, X2, .... Xp)=X;,  1=1,n".

JIBa BEKTOpa paBHbBI, €CJAM OHM HWMEIOT OJMHAKOBYIO JJIHHY H WX
COOTBETCTBYIOIIME KOMIIOHCHTHI paBHbI, T.e. (aq,ay,: ay) = (by, by, -+ by) &
Vi(ai = bl)

1.10.2 IIpsiMmoe nmpou3Be/ieHHEe MHOKECTB
Ilpamvim npouszeedenuem muoxicecme A W B Ha3bIBAlOT MHOXECTBO,
obo3HauaeMoe A X B u cocrosiee U3 BCeX TeX M TOIBKO TEX YHOPSTOYCHHBIX
nap, nepBas KOMIIOHEHTa KOTOPBIX MPHHAIJICKHUT MHOXKECTBY A4, a BTOpas —
MHOXecTBY B. TakuMm 00pa3oM, 3JIeMEHTaMH TPSIMOTO MPOM3BEICHUS MHOXKECTB
SIBIITIOTCS IBYX3JIEMEHTHBIC KOPTSKH BHA (X,Y).
JlanHOE OompeesieHne MOKET ObITh 3aITMCaHO B BUJIC:

! 3anmmce | = 1,n o3nauaer nepeuncienue i=1,2,3,....n.
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AXB={(x,y)lx €Ay €B)} 1.34

IIpumep.

IMycts A={1,2,4}; B={1,2}

Torma AxB={(1,1), (1,2), (2,1), (2,2), (4,1), (4,2)}.

IIpumep.

[Tycte nansl MuOKecTBa A={a, b, c,d, e, f,g,h} uB={1,2,3,4,5,6,7, 8}

Torma A X B ecTb MHOXECTBO 0003HAUEHHN [MIaXMATHOU JTOCKH.

MoIHOCT, TPOU3BEACHUSI KOHEYHBIX MHOMKECTB paBHA MPOU3BEIICHUIO
MOIITHOCTEH ATHX MHOXECTB, T.¢. | A X B | =|A|-|B].

Omneparus mpsMOTo MPOU3BEACHUS JIETKO PACIIPOCTPAHSISTCS M Ha OOJbIIee
YUCIIO MHOXECTB. .IIpsSMBIM Npown3BeneHUEM MHOXKECTB A1, Ay, ... A, HA3BIBAIOT
MHO€ECTBO, 0003HauaeMoe A1xArx%....xA, = {(ana,,...a,) | ai € 4; }.

Brionue oueBUIHO, UTO | A1xXAoX. .. %Ay | = |Ad A . .| Al

W3 ompeneneHus mpsMOro MPOU3BEACHUS MHOXXECTB BUJIHO, UYTO MPSIMOE
MIPOU3BECHUE HEKOMMYTATUBHO, T.€. A XB#B xA.

[Tycts X u Y — otpe3ku BemiecTBeHHOUM ocu. [Ipsmoe mpousBenenue XxY
ABJISIETCA ~ TPSMOYTOJBHUKOM,  Kaxjas Touka KOTOPOro  OMNpeaesieTcs
koopauHatamu X u Y. (Puc. 1.7)

| :
| S

Vi L—

Xi
Puc.1.7
YacTHBIM CllydaeM OIepaliii MPsSMOT0 MPOU3BEIACHUS SIBISICTCS MOHSATHE
crereHn MHokecTBa: MK =M x M x ---x M (K —uenoe, >(0). CnenmnaabHO

k pas
onpeneneno, uto M'=M; M°=(). Ecnu R — MHOXECTBO BEIIECTBEHHBIX UHCEI, TO
R’=RxR MpEeCTaBIILeT-- CO00M BEIIECTBEHHYIO IIJIOCKOCTh, a R:=RxRxR —
TPEXMEPHOE BEIIECTBEHHOE MPOCTPAHCTRO.
CpoiicTBa npsimoro npousBeneHus. [Ipsmoe mpousBeneHrne TUCTPUOYTUBHO
OTHOCHUTENIbHO 00bETUHEHMSI U TIepeceUeHusl, T.€:

1. AX(BUD)=(AXB)U(AXD); 1.35
(BUD)x A= (BxA)U (D x A. 1.36
2. AX(BND)=(AXxB)n (A XD); 1.37
(BND)xA=(BxA)n (D xA). 1.38
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1.9.3 Ilpoeknysi MHOKECTBA

Onepanusi NpOEKTHUPOBAHUS MHOXKECTBA TECHO CBfA3aHAa C ONEpalHel
MPOEKTUPOBAHUST KOPTEKAa U MOXKET MPUMEHSTHCS JIMIIb K TAKUM MHOKECTBaM,
AJIEMEHTAMU KOTOPBIX SIBIIAIOTCA KOPTEKU OJUHAKOBOM JJIMHBL.

Kax 6b110 ykKe mokazaHo B MpeaplAyIieM maparpade, mpoeKiuen KopTexa
X=(x1, xp,...xn) Ha [-10 OCh HA3bIBACTCS €ro I-Tas KOOpAWHATA (KOMIIOHEHTA) Xi U
obo3nauaemas IIpix=x;. [Ipoekuueii kopTexka Ha OCH C HOMEpaMH Iy, Ip, ... Iy
Ha3bIBAETCS KOPTEK (X; ,X;,, " X; ) JVIMHBI N (HAIIOMHMM, YTO JUIMHOHW KOPTEXka
Ha3bIBa€TCA  4YUCIO ero  koopauHar). OO6o3HayaeTcss ATa  IPOEKIHUS
Mp;i,i,.i,x = (Xi,Xi,, - X; ). [lycTb M — MHOXKECTBO KOPTEXKEH JUTMHBI N. TOTIA
MpoeKIned MHOXecTBa M Ha I-F0 OCh HA3bIBACTCS MHOXKECTBO IMPOCKIMHA BCEX
KopTexei u3 M Ha i-10 ock u obo3Hauvaetcs [Ip; M = {IIp;x|x € M}. Ananorudso
OTPE/EIACTCS MPOCKIUs MHOXecTBa M Ha Heckombko ocei:  Ilp; i .; M =

{lp;, i,,..i,,x|x € M}. B wactHocTh, ecnu M=A1xApX... Ay, TO IIp; i, i = Ay, X
A, XX Ay

Ipumep 1. [Ipoekuusi TOUYKH MIOCKOCTH Ha MEPBYIO OCh — €€ adciucca, Ha
BTOPYIO OCh — €€ OpJIMHATA.

Mpumep 2. M={(a, b, d); (c, b, d); (d, b, b)}.

[Mpoekmus storo muoxkectBa [Ip;M={a, c, d}; [Ip,M={b}; IIp,sM={(b, d),
(b, b)}.

1.10 CooTBeTcTBHS

PaccmoTpum nBa MHOkeCTBa A U B. DIIEMEHTHI 3TUX JABYX MHOKECTB MOTYT
KaKuM-JIH00 00pa3oM COMOCTABISATHLCS IPYT ¢ ApyroM, oopasys mapsl (X, Y). Ecnu
Croco0 TaKOro COMOCTABJICHHS OIpPEACNCH, T.€. IJs KaXKIOro dJeMeHTa X €
A yKkazaH 3JIeMeHT Y € B, ¢ KOTOPbIM COIMOCTABJISIETCSI JIEMEHT X, TO TOBOPSIT, YTO
MEXIY MHOXeCcTBaMU A W B yCTaHOBJIEHO coomeemcmeue. 1lpu >TOM HeE
00s13aTeIHHO, YTOOBI B COTOCTABIICHUN YYAaCTBOBAJIM BCE JIEMEHTHI MHOXECTBA A
u B. JIns Toro, 4ToOBI 3371aTh COOTBETCTBHUE, HEOOXOAMMO YKa3aTh:

® MHOXECTBO A, D3JIEMEHThl KOTOPOTO COMOCTABISIOTCA C BJIEMEHTaMU
JIPYroro MHO>KECTBa;
® MHOXECTBO B, C »3JeMEHTaMHU KOTOPOTO COIOCTABJISIIOTCS DJIEMEHTHI

MIEPBOr0 MHOXKECTBA;

e MHOXeCTBO P € A X B, onpeaensitoniee 3aKk0H, B COOTBETCTBUU € KOTOPBIM

OCYILIECTBIISIETCS COOTBETCTBUE, T.€. IEPEUUCIISIIONIEE BCE Maphl X U Y.

Takum o0Opa3oM, COOTBETCTBHE, 0003HaUaeMoe, Harpumep, (, MpeACTaBIsSeT
co00l TPOHKY MHOXKECTB:
g=(A,B,P); P<S AXB.

B »Tom BeIpakeHnn 1-10 KOMIIOHEHTY 4 Ha3bIBAIOT O0JACTHIO OTIIPABIICHUS
COOTBETCTBHS, 2-10 KOMIIOHEHTY B — 00JIacTbI0 MPUOBITHS COOTBETCTBUS, 3-10
KOMITOHEHTY P — rpayukoM COOTBETCTBUA.

Kpome paccMOTpeHHBIX MHOXECTB A, B, P C KaXIbIM COOTBETCTBUEM
HEpa3pbIBHO CBSI3aHbl €Ille JBa MHOXecTBa: MHOecTBO IIp;P, Ha3biBaeMoe
00JIaCThIO OMpPEIeNICHUs COOTBETCTBHUSA, U B KOTOPOE BXOSAT 3JIEMEHTHI MHOKECTBA
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A, y4acTBYIOIIHME B COMOCTaBIIEHWU, U MHOXKecTBO [Ip,P, HazpiBaeMoe 00JIaCThIO
3HAQYEHUN COOTBETCTBHS, B KOTOPOE€ BXOIAT DJEMEHThl MHOXECTBa B,
y4yacTBywomue B cornocraBieHnd. Ecinu [Ip;P=A, TO COOTBETCTBHE HA3bIBACTCS
6C100y OnpeoeneHHbIM, B TPOTUBHOM CIIy4ae — YACMUUHO onpedeieHHbim. Ecin
[Ip,P=B, TO COOTBETCTBUE HA3BIBACTCS CIOPHEKMUGHBIM.

MHOXecTBO BCceX y€B, COOTBETCTBYIOIIMX JJEMEHTY X€A, HA3bIBACTCS
oopazom x B B ipu coorBeTcTBUMN P. MHOXKECTBO BCEX X, KOTOPBIM COOTBETCTBYET
V, Ha3bIBaeTcsi npoodpazom y B A nipu coorserctBuu P. Kopoue, o6pa3 x ectb
P(x)={y|(x, y) € P}, a mpooGpasom s1emenTa yeB (0603Hauaercst P (y)) sBiseTcs
P 0)={x| (x,y) € P}.

Eciu (x,y) € P, To TOBOPST, YTO 3JEMEHTY Y COOTBETCTBYET JJIEMEHT X
npu cootrBeTcTBUM P. ['eomerpuueckn 3TO yIOOHO H300pakaTh CTPEIKOMH,
HaITPaBJICHHOM OT X K ).

Ipumep: A={3, 4}; B={2, 5}. P=AxB={(3, 2), (3, 5), (4, 2), (4, 5)}.

DTO MHOXECTBO JIa€T BO3MOKHOCTh MOJIYYUTh, HAPUMED, COOTBETCTBUSA:

Pi={(3,2)}; P.={(3,2), (3,9)} Ps={(3,2),(3,5), (4, 2)}.

Ecmu D < Ilp;P, To obpa3zom MHOXecTBa D HaspiBaeTcs 00OBEIMHEHHE
00pa3oB Bcex 27eMeHTOB u3 D. AHamoruyHo ompenesnsercs mpoodpa3 MHOKECTBA
Sc B nnsa mo6oro ScIlp,P.

CooTtBetcTBUE P Ha3bIBACTCS YyHKUUOHATbHBIM (VITH OJTHO3HAYHBIM), €CIIH
oOpazom sroboro anementa [lp;P sBIsSIETCS €IUHCTBEHHBIN 3yieMeHT u3 [lp,P.
3amMeTuM, 4TO 37€Ch HE TOBOPUTCS O TOM, YTO pa3iuyHbie 3eMeHThl u3 [lp;P
JOJDKHBI UMETh pa3inyHbie 00passl u3 [p,P.

CoOTBETCTBUME  HA3BIBACTCS  UHBEKMUBHBIM, €CIM OHO  SBISETCA
(GyHKIIMOHATIBHBIM, U TIPUA 3TOM KaXKIBIM 2JIEMEHT MHOXECTBa B mmeeT He Ooliee
OJIHOTO TIpo0o0Opasza B A.

CootBercTBUe P MeX1y A U B Ha3bIBaCTCAd 63AUMHOOOHO3HAYHBIM, €CIIU OHO
BCIOJIy OTIPE/IETICHO, CIOPBEKTUBHO, (DYHKIIMOHATFHO U HHBEKTUBHO.

IIpumep 1. AHrio-pycckuii cioBapb YCTaHaBIMBAET COOTBETCTBHE MEXKIY
MHO>KECTBAMHU aHTJIMUCKUX W PYCCKHUX CIJIOB. JTO COOTBETCTBUE HE SIBISETCA
(yHKIHMOHATIBHBIM, TaK KaK OJJHOMY aHIJIMMCKOMY CJOBY, KaK MPABUIIO, CTABUTCS
B COOTBETCTBHME HECKOJBKO PYCCKUX cJIOB. Kpome TOro, OHO NpaKTHYECKU
HUKOI/Ia HE SBISETCA IOJIHOCTBIO ONPENENEHHbIM: BCErja MOXXHO HaWTH
aHTJIMHACKOE CJIOBO, HE cojiepkaiieecs B JaHHOM cjoBape. (O0mactbio
OTIIPaBJICHUS SIBJISETCS MHOKECTBO BCEX aHIVIMHCKHUX CJIOB, 00JACThIO MPUOBITUS
— MHOXECTBO BCeX pycckux cioB. OOnacTe ompenencHus: (3HaueHUM) SBISETCA
MOJIMHOKECTBOM O0JIACTH OTIIPaBICHUS (TIPUOBITHS).

Mpumep 2. Kpyr P pagnyca 1 ¢ uentpom B touke (3, 2) {(X, ¥) | (x—3)*+(y-
2)* <1} s3amaer coorBercTBHe Mexay R m R. OGpasom umcima 4 mpu dTOM
COOTBETCTBHH SBJISICTCS YUCIIO 2, 00pa3oM uncia 3 — otpe3ok [1, 3] ocu opauHart;
ATOT ke oTpe3okK [1, 3] siBasiercst o6pa3zom oTpeska [2, 4] ocu abcuucc, KOTOPBIA B
CBOIO OUYEpe/Ib CIYKUT ITpoodpazom uncia 2 (Cm. Puc.1.8).
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JlaHHOE€ COOTBETCTBME HE ABISIETCS (PYHKIMOHAIBbHBIM. [Ipumepom
(YHKIHOHATBHOTO COOTBETCTBHUS sBisieTcs xyra ABC.

IIpumep 3. PaznuuHble BUIBI KOJUPOBAHUS — KOJMPOBaHUE OYKB a30yKoi
Mop3se, npeacTaBieHUE YHUCENI B Pa3IMYHBIX CHUCTEMax CUHCIEHHUS, CEKPETHbIE
mMUQPBI U T.II. — ABISAIOTCS COOTBETCTBUAMU MEXAY KOAUPYEMBIMU OOBEKTaMHU U
OPUCBAEMBIMU UM KOJAMH. DTH COOTBETCTBHSI, KaK MpaBUiIo, 00Jalai0T BCEMHU
CBOMCTBaMM B3aUMHO OJIHO3HAYHOI'O COOTBETCTBUS, KPOME, ObITh MOXET, OJTHOTO
— CIOPBEKTUBHOCTH.

IMpumep 4. B niexe umeercs 3 cnenuanuzupoBanibix cranka Cry, Ct,, CTs.
Cranok Ct, He pabotaet. llITaT comepxut Tpu oneparopa, 0OCIYyKHUBAIOIINUE ITU
ctaiku — Og, Oy, u Oz. [Ipuuem, O3 GosieH (WU B OTITyCKE U T.1.) B 3TOM cirydae
pacrpeiesieHrie onepaTopoB MO CTAHKAM MOKHO BBIPa3UTh COOTBETCTBUEM:

gq= ({91’ 9,2 ’O%}; {Cr,, Cr,, C1,}:{(O,, Cry), (O, Cry), (O,, Cr,)}

A B PcAxB

['eomeTpuyeckass UHTEpIpPETALU UMEET BUL:
O, 0, O3

Ct; Cr, Crs

Kak BumHO, 31ech 007aCTBIO ONPEACIICHUS COOTBETCTBHUS SBIISICTCS
muoxkectBo IIpP= {0O;, O,} # A. CnemoBaTelbHO, COOTBETCTBUE SIBIISETCS

YaCTUYHO OIPEACIICHHBIM. OO0OmacTpi0 3HA4YEHUII COOTBETCTBUM SBIISIETCS
mHoxkecTBo IIp,P = {Cty, Cr3} #B H, cienoBaTelbHO, COOTBETCTBUE SBISCTCS
HECIOPBEKTUBHBIM. BrionHe 04eBMAHO, YTO COOTBETCTBUE HE SIBISIETCA

(GyHKUIHOHATBHBIM, TaK Kak o0pa3zom O; u3 A ABIsAOTCS 1Ba 3jeMenta B B - Cry
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u Cr;. COOTBETCTBHE SIBISIETCS U HEMHBEKTUBHBIM, T.K. 37ieMeHT CT; uMeeT JBa
npoobpaza - O u O,.
1.10.1 O0paTHOE COOTBETCTBHE

T xaxmoro coorBerctBus (=(A, B, P), PCAxB cymecTByeT 0OpaTHOE
COOTBETCTBHUE, KOTOPOE IMOJIyJaeTCsl, €CIIH TaHHOE COOTBETCTBHE pacCMaTPUBAThH B
oOpaTHOM TOpSAIKE, T.€. ONPEACITUTh XEA, C KOTOPHIMHU COTOCTaBIsOTCS B
sneMeHTs yeB. COOTBETCTBHE, 0OPATHOE COOTBETCTBHIO (| 0603Hauaercs ( =(B,
A, P'l), rae P cBxA.

JIns Hamero npumepa umeeM:

q'=({Cry, Crs, Cr3}, {O1, O, O3}, {(Cry, O1), (Cty, Oy), (Cr3, O1)} m

rpaduuecku 3TO BHITJISIAUT TaK:

0, 0, 03
Cry Cr, Crs
Puc. 1.9

OOpaTtHOE€ COOTBETCTBHE OOPATHOIO COOTBETCTBHS OyJIeT MpsMoe
COOTBETCTBHE, T.€.
(@) *=q 1.39
Takum oOpa3om, eciud, Hampumep, JdaHO COOTBETCTBUE PcCAxB u
cootBercTBUe Q CBXA TtakoBo, uto (b,a) € Q Torma u Tonbko Toraa, korga (a,b)
e P, To coorBercTBHEe Q HA3BIBAIOT 0OOPATHBIM K P 1 0603Hagaror P (Q = P™).

1.10.2 KoMno3uuus cOOTBETCTBHIl
Komrmo3unpen COOTBETCTBUN HA3bIBAIOT II0CJIENOBATEIIBHOE INPUMEHEHUE
JIBYX COOTBETCTBHM. KoOMNO3umus COOTBETCTBUM  €CTh OIEpals C TpeMs
MHOXecTBaMu A, B, C, Ha KOTOPBIX ONPEACIICHBI IBA COOTBETCTBUA:
g=(A, B, P); PcAxB. 1.40
d=(B, C, R); RcBxC. 141
[Ipuyem o6nacTh 3HAUEHHM MEPBOTO COOTBETCTBHS COBMAJIAET C 00IACTHIO
ONPENETICHNS] BTOPOT'O COOTBETCTBUSL:
szPZleR 1.42
[lepBoe cooTBeTcTBUE omnpenenser s Joboro xellp;P HEKOTOPHIH,
BO3MOXXHO M HE OAuH »3yeMeHT yeB. CoriiacHO OIpeeieHUuI0 Omnepaluu
KOMIIO3UIIMM  COOTBETCTBUM  Temepb HyXHO i yeB Haitu zeC,
BOCIIOJIB30BABIIUCh BTOPHIM COOTBETCTBHEM. TakuM o00pa3oM, KOMIIO3HITHS
COOTBETCTBUI COIOCTABISIET C KaXIbIM DJEMEHTOM X M3 00JIACTH OMpeeiIcHUs
NEepBOTO COOTBETCTBUA [Ip1P OMWH WM HECKONBKO SJEMEHTOB Z W3 00JIacTh
3Ha4eHu BTOpOro coorBeTcTBUs [1p;R.
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Kommosumuio cootserctBuii  n d o6o3Hayaror ((d), a rpadux KoMmo3ummum
cootBeTcTBUM uYepe3 PxR wmmu P o R. Ilpu »TOM, KOMIIO3HUIMS COOTBETCTBUI
3alUIIETCA B BUJE:

q(d)=(A, B, PxR), PxRcAxC 1.43

IMpumep. Ecim  (-COOTBETCTBHE, ONPEACIAIONIEEC  PACHPEACIICHUE
BOJIUTENICH 1O aBTOMamuHaMm, 0-COOTBETCTBHE, OMpEACISIONIee pachpesesieHHIe
aBToOycOB 1O Mapmipytam, TO coorBerctBue ((d) ecTh COOTBETCTBHE,
ONpPENEIIAIONIEe BOAUTENIEH 110 MapIIPyTaM.

Onepannio KOMIIO3UIIMM COOTBETCTBUM MOYKHO paclpoOCTPaHUTh M Ha
OoJblIIee, YeM J[Ba, YMCIIO COOTBETCTBHM.

1.10.3 OTo0paxkenuss 1 GyHKIUN

B maremaTtnueckoMm aHaim3e MOHATHE (DYHKIIMM BBOAMUTCS CIETYIOIIUM
obpazom:

Ilycte X — HEKOTOPOE MHOKECTBO HA YMCIOBOM IMPsAMOU. ['0OBOPAT, 4TO HA
3TOM MHOXECTBE omnpezenieHa pyHkuus f , eciau kaxaoMy dnuciny x €X MOCTaBICHO
B COOTBeTCTBHUE onpezeneHHoe uncio y=f(x). [Ipu s3Tom X Ha3piBaeTCs 00J1aCThIO
ompeneneHusi, Y- €CTh COBOKYITHOCTh BCEX 3HAY€HUW, NPUHUMAEMBIX 3TOHN
dbyHKIMeNW, U Ha3pIBaeTCs 00JacThi0 3HaueHWW. Eciam ke BMECTO YHCIIOBBIX
paccMaTpuBaTh MHOXECTBA KaKOW JTMOO JIPYyro MpHUpObl, TO MPUAEM K CAMOMY
o01eMy MOHSTHIO (QYHKIIUU.

Ilycth A 1 B — n1Ba NpOU3BOJIBHBIX MHOKECTBA. [ OBOPAT, YTO HA MHOMXKECTBE
A onpenenena ¢yuknus f, npuHUMaromas 3HaYCHUS W3 B, eClH KaXIOMYy
AIIEMEHTY X €A TOCTABJIEHO B COOTBETCTBUE OJIUH U TOJIBKO OJMH 3JIEMEHT U3 B.

JIJisi MHOKECTB MPOU3BOJBLHOM (HE YHMCIIOBOI) MPUPOJIBI BMECTO TEPMHUHA
“byHKIUS” TMOJIB3YIOTCS TEPMUHOM “‘0TOOpazkeHHe”’, ToBops 00 OoTOoOpakeHUU
OJIHOTO MHOeCTBa B jipyroe. s o6o3Hauenus QpyHkiuu (oToOpaskenus) u3 A B
B nonw3yrores 3anuceo:

f: A>B 1.44

Ecim a — snmemeHT U3 A, TO cooTBeTCTBYromui eMy aieMeHT b=f(a) u3 B
HaspiBaeTcs ero obpazom (mpu otoOpakenuu f). COBOKYIMHOCTH BCEX TeX
JNMIEMEHTOB a W3 A, 00pa30oM KOTOPBIX SIBISICTCS JaHHBIA 3JeMeHT DeB,
HA3BIBACTCS MPO0GPa3oM (IOTHBIM 00pa3oM) sneMenTa b i o6osnauaercs (D).

[Tyctes X HexoTopoe MHOXecTBO M3 A. CookynHocTh {f(a) | aeX} Bcex
anemeHToB BHa f(a), roe aeX, HaspiBaeTcs obpasom X u obosznagaercs f(X). B
CBOIO oYepeapb s Kaxaoro MHOkecTBa Y u3 B onpexnensiercs ero monHbIi 00pas
1Y), a umenno: f(Y) ecTh COBOKYIHOCTH BCEX TeX EMEHTOB M3 A, 00pa3bl
KOTOPBIX MpHHaexKar Y’

Onpeneneno, uro f ectb oroOpakeHne MHOXKecTBa A Ha MHOXecTBO B,
eciim f(A)=B. Takoe oroOpakeHHe Ha3BIBAIOT TakXke ClOpbeknuei. B oOmem
ciyyae, T.¢. kornaa f(A) B, roBopsr, uto f ects oToOpakenue A B B. Eciu f(A)
COCTOUT M3 €IUHCTBEHHOTO AIeMeHTa, TO f Ha3pIBaeTcs hyHKIMENH — KOHCTaHTOM.

! Moxer oKasaTbesi, 9TO HE OXHH 35eMeHT b 13 Y He mMeer mycroro mpooGpasa, Toraa mpoodpas f2(Y) 6ymer
MYCTBIM MHOKECTBOM.
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Ecnu st moObIX ABYX Pa3iMUYHBIX AJIEMEHTOB X; M X U3 A HX 00passl
y1=F(X1) u y,=f(X;) Tarxke pazaudansl, To f Ha3bIBacTCSI MHbEKIMENA.

Orobpaxenue, f: A—B, KOTOpoe OTHOBPEMEHHO SBIISIETCS M CEOPBHEKIHEH U
WHBEKIIMEH, Ha3bIBaeTCs OMeKUMeil MWIM B3aMMHOOHO3HAYHBIM COOTBETCTBHUEM
Mexay A u B.

W3 BBIlIECKAa3aHHOTO BUAHO, YTO paHEE PACCMOTPEHHOE COOTBETCTBUE €CTh
YaCTHBIN ClTyyail 0TOOpaKeHHUS.

1.11 dyuknus

Paccmorpum HekoTopoe otoOpaxkenue f: X—Y. Kak yxe roBopuiocs, 3To
oToOpa)keHUe Ha3bIBaeTCsl (DYHKIMEH, €CIM OHO OJHO3HA4YHO, T.C. €CIH JUIs
moObIX map (X1, yf u (xa, y2) ef u3 x4=x, cnenyer y;=y,.

Y1 i
V%
, X
Xo X1
Puc. 1.10

OnHO3HAYHOE COOTBETCTBHE, onpeaeieHHoe Gopmyioit f: X—Y HazpBaroT
(dbyHKIHEH ¢ BeIEeCTBEHHBIMU 3HAYCHUSIMHU, €CITH YgR.1
IIpumep. U3 nyHkta A B myHKT B mnepemaua eguHUIBI COOOILIEHUS IO
teneony, tenerpady, TeIeMOHHTOPY, Tesiehakcy CTOMT COOTBETCTBEHHO a, b, C,
d. Torma cromMoCTh Tepeiadn COOOIICHUST MOKHO TIPEACTABUTh KaK (DYHKIIHIO OT
BUJIa iepenayu. JJis 3Toro paccMOTpUM MHOKECTBA:
X={renedon, Tenerpad, Tenedaxc, TEIESMOHUTOP };
Y={a, b, c, d}.
Oynkmus i X—>Y, momydaemas u3 ycinoBui, MOXKET OBITh 3amvcaHa B
suze: f={(renedomn, a); (renerpad, b); (renedakc, c); (renemonutop, d)}.
3HavyeHue y B 000H U3 map (X, y)ef Ha3pBarOT GyHKIMEH OT TaHHOTO X U
3anmuchiBaroT B Buze: y=f(X). Takas 3amuch MO3BOJISET BBECTH CIICAYIOIIEE
dbopmaabHOE OTpeICIICHHE:
f={(x, y)eXxY | y=f(x)} 1.45
Takum oOpa3om, cumBoi f HCIONB3YIOT MpH ompeneacHU (YHKIUUA B JIBYX
CMBICJIAX:

! Ilonstue (byHKI_lI/II/I SABIIACTCA ‘lpeSBLI‘lafIHO HIUPOKUM U H3YUYCHHIO OTACJIbHBIX KJIaCCOB (byHKIlI/Iﬁ IIOCBAIICHBI
MHOI'MH€ MaTCMaTHYCCKNUEC JUCIIUIIIINHBI.

26



o f sBieTCS MHOXXECTBOM, 3JIEMEHTaMH KOTOPOro OyIayT mapbel (X, V),

YYaCTBYIOIINE B COOTBETCTBHH;

o f(X) sBsercst o603HaUeHHEM I Y€ Y, COOTBETCTBYIOIIETO TAHHOMY X € X.
Oynkums Tuna AjxAjzx....xA, — B Ha3piBaeTcs N — mecTHOM QyHKIMEH. B
9TOM Ciydae TPHUHITO CYHATATh, 4YTO (QYHKIHUS UMEEeT N  apryMEHTOB:
f(a1,ay,...a5)=b, rme a1€Aq, ar€A,, ... a,€A,, beB.

[Tycte maubl Gynkuuu f.A—B u g:B—>C. Oynukuus h:A—C naspiBacTcs
kommo3uier Gpyakmwii f u g, eciim mmeer mecto paBenctTBo: h(x) = g(f(x)), rue
xeA. Kommosunus ¢ynknuii od6o3nagaercs fog. Kommosumus ¢yakmuit f u g
IpeicTaBisgeT co0oil  moclieoBaTeIbHOE NpPUMEHEHHE ATUX  (GYHKUIUI-(
npuMeHsiercs K pesynbtary f, T.e. ynkiusa h momydaercss moacranoBkoii T B Q.
s muoromectHbix ¢Qynkmus FA">B um ¢:A"—>C BO3MOXHEI pa3IHYHEIE
BapUaHTHl MOACTaHOBOK T B ¢, marompe (yHKIUU pa3iudHbIX THIIOB. OcOOBIH
MHTEpEC MPEJCTABIACT ClIydad, KOTJa 3aJlaH0 MHOKECTBO (yHKIMH Thma: fi:
A" —A,..., . A" —A. B 3T0M ciyuac BO3MOXHBI, BO-IIEPBBIX, IIHOOBIE
MOJICTAHOBKK (YHKIMHA JPYyr B ApPyra, a BO-BTOPHIX, JIIOOBIE TEPEHMMEHOBAHUS
aprymeHToB. OyHKIHS, moydeHHas u3 aanubix Gyaknwii i, T, ... f, HeKoTOpOI
MMOJICTAHOBKOM WX JIPYT B APyTa M MEPEUMEHOBAHUEM apTyMEHTOB, Ha3bIBACTCS UX
CyIEPIIO3ULIAECH.

1.11.1 Cnoco0bl 3axanusi yHKUIMH

@dopmalibHOE OIpeieTeHUE TO3BOJSET OIpPEeNeInTh CIOCOObl  3aJaHus
byHKIIUN.

1. Tepeuncnenue Bcex map (X, y), coctapisiromux MHOXkecTBo f. IIpumenum,
korjga X — KOHEYHOe MHOXKeCTBO. J[[j1s1 HarnsqHoCcTH napsl (X, y) pacnojararr
B BHjie Tabmuipl (TaObimuaHbIi METO).

2. Bo muorux cimydasx X u Y TIpPEICTaBISIOT COOOW MHOXKECTBA BEIIECTBEHHBIX
WIA KOMIUICKCHBIX uncen. B Takux ciyuasx nop f(X) monumaercs dopmyina,
T.€. BEIPAKEHUE, KOTOPOE HAJI0 MMPOU3BECTH HAJ X € X, YTOOBI TIOTYUYUTh Y.

Mpumep. [Tycts X=Y=R u f={(x, y)eR?|y=Sin x* }.
Torma f(x)=Sin x°.
ITycte X;, X5, ... X, —TIONApHO HEMEPECEKaroIuecs noamMuoxecrsa X. Ecin
uepes f|(X), i=1,n 0603HaUNTE GOPMYITY, OIPEAEIIOILYIO Y TP X € X, TO UMEEM:
f,(X) mpu X € X,
f(x)=1:
f.(X) mpu x € X,

3. Ecmu X u Y —MHOXECTBa BEIICCTBEHHBIX YUCEI, TO AJIEMEHTHI (X, y)€f MoxHO
M300pa3nTh B BHAE TOYEK Ha IUIOCKOCTH RZ TTONHAS COBOKYIMHOCTH TAaKHX
TOYEK Oy/IeT MpeaAcTaBIATh coboi rpaduk Gpyukuuu f(X).

Ecim B Belpakennn f: X—>Y X=UxV, to mmeer mecto (yHKIus 2-x
nepeMeHHbIX U 1 V, o0o3Hadaemoii uepes f(u, v), rne ueU, veV.

27



dopmanpHOE ompeneraeHue (PYHKIIUU NBYX BEIIECTBEHHBIX IEPEMEHHBIX
OyJIeT CIeaYIOIIUM:
f={(u,v,y)eUxVxY|y=f(u,Vv)} 1.46
AHAJOTHYHO OMpeAeNnsaioT QYHKIUIO OT 3-X © OOJbIIero dwucia
NIEPEMEHHBIX.

1.11.2 Cyxenue pyHKIMHU

Nmeem f: X—Y. A — npousBoiasHoe MHOXecTBO. Cykenuem pynkmnuu f Ha
MHOXECTBO A Ha3bIBalOT PyHKINIO Ta, COMEpKAIIYIO BCE TE€ U TOJIBKO TE HaphI (X,
y)ef, B koTopbIX X€ A, a 3HaUUT (X, y)€ AXY. CieoBaTeIbHO:

fa=FfN(AxY) 1.47

Omneparuio cy>xeHust GyHKIIUUA YaCTO UCTOIB3YIOT JIJISl TAOJMYHOTO 3a/IaHUs

byHKIMIA ¢ 0o 00J1aCThIO OnpeiesieHns X.
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1.11.3 OopaTHas pyHKUMSA

[TousiTie oOpaTHOW (YHKIIMM MPUMEHMMO JJIsl Takoro orobpaxenus f:
X—-Y, koTopoe:

a. ABJIACTCS OJHO3HAUHBIM, T.€. A JIOOBIX (X1, Y1) 1 (X2, y2)ef U3 x1=x,

CIIEAYET Y1=Y>.

b. siBnsieTCs B3aMMHO OJTHO3HAYHBIM, T.€. U3 X1#X; CICAYET y1#Y7.

[MIpu BeIMONHEHMM 3TUX yciaoBud otobOpaxenue f: X—>Y sBmusercs
OJTHO3HAYHBIM, T.e. ompenenser ¢ynknuto y=f(X). OOparHOe oTOOpakeHHE
f:Y > X Takke sBISETCS OAHO3HAYHBIM M ompenenser (QyHkmuo x=f(y),
Ha3bIBACMYI0 00paTHOM M0 oTHOMmIECHHUIO K QyHKIuU y=F(X).

1.11.4 ®ynkuust BpeMeHH

B ocHoBe moHATHS (QYHKIMM BpeMEHHM JIeKUT MHoxkecTBo TcR ¢
aneMeHTamu t, Ha3pIBa€MOE MHOKECTBOM MOMEHTOB BpeMeHU. Bpemsa obOmamaer
HampaBjieHHOCThI0. Ecim t, u t,eT, u t,<t,, TO MOMEHT t, PEIIIECTBYET
MOMEHTY t,, T.€. T — ynopsI04eHHOE MHOKECTBO.

@OyHKIUS BpeMeHU ompeneiser oToOpaxkenue f MHoXkecTBa MOMEHTOB
BpemMeHr T Ha MHOXecTBO BemecTBeHHBIX umcen R: f: T—>R. Dmementamu f
oynyt mapsl (t, X), o6o3Hauaembie X(t), rme te T, xeR. Kaxknmas Takas mapa
omnpenensieT 3HaueHue (YyHKIMM B MOMEHT { W Has3pIBaeTcs cOOBITHEM WU
MIHOBEHHBIM 3HAYeHHeM (YHKIIHH. JlanbHeiiee yTouHeHHE (QYHKIUN
BPEMEHU CBSI3aHO C YTOUHEHHEM €€ 00JacTH OINpeAesieHUs, T.€. BUJa MHOKECTBA
T. Eciiu T=R, T.e. t npuHrMaeT nr00ble BEIIECTBEHHBIE 3HAYEHUS OT -00 JI0 100, TO
X(t) HaspiBarOT (QyHKIMEH C HeNpepbIBHBIM  BpeMeHeM. Hampumep,
X(t)=A-Sin(o-t+@).

B mpaktuke yacto ucmonb3yroT cyxkeHue X(t) Ha orpaHUYEeHHBIA UHTEPBAI
BpeMeHH 13 <t<t,, KOTOPBIN OOBIYHO CUUTAIOT MOTY3aKPBITBIM U 0003HaYaroT (i1, to].
[Tomy3akpeiTble MHTEpBajbl YyAOOHBI TEM, 4YTO JOMYCKAIOT IOCIEA0BaTEIbHOE
COTJIAllIeHHE JIPYT C IPYTrOM.

Cyxenne ¢ynkmun X(f), 3amaHHoi Ha wHWHTEpBaje —oo<t<+oo Ha
untepsan (4, tp] HaspiBaorT orpeskom dynkumu X(t) u 0003HAYAOT X ), T.€.

Xt ) ={x@® |te(t,t,)}.

Ecnu muoxectBo T mpencraBisieT coO0l MHOKECTBO HATYpaJbHBIX YHCE,
TO TOBOPAT O (PYHKUMH C JHUCKPETHBIM BpeMEHEM. B 3ToM ciiydae 3JeMeHTHI
MHO)kecTBa T 0003HAYaIOT yepes N, Tak yTo mapa (N, X), obo3Hayaemoe Tarxxe X[Nn]
WIH X, ONIpEeAeIIeT 3HaueHne (PYHKIIMU B MOMEHT N.

1.12 OTHOIIEHU S

BaxxHpIM dYacTHBIM CiydaeM OTOOpaKeHHS SBJSETCS Ciy4ail, Korja
MHOxkectBa A u B coBmagator. Ilpu stom orobpaxkenume R: A—A Oyner
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npeacTaBiIsiTh co0oil oToOpakeHme MHOkecTBa A B camoro ceds u Oyxer
onpenensThes napoit (A, R), riue RcA’. B stom ciydae it 0003HaUYCHUS TAHHOTO
OTOOpaKEHMSI HCIIOJIb3YEeTCS TEPMUH OTHOLIEHHWE U BBOJST CIEUUATIBHYIO
cuMmBoJIMKYy. Ilycth ortoOpaxenue (A, R) sBiusercs otHomeHueM. PaccMoTpum
snement (a,b) €eRCA®. ToOBOpSIT, YTO HIEMEHT a HAXOLMTCS B OTHOIICHHHM R K
9JIEMEHTY D ¥ 3amuchIBaroT 310 B BHjE aRD

IToqmuaokecTBO RCA(XALX...xA, Ha3pIBaeTCI N-MECTHBIM OTHOIICHHUEM
MeXIy Ai, Ay, .....A, (Wi ipocTo Ha A, ecniu Aj=A,=....=A,=A). Eciu n=1, 10
R HazpiBaeTcsi yHapHBIM OTHomleHHeM. B »3Tom ciydae R ecth mpocto
NOJMHOXECTBO MHOxkecTBa A, RCA. Ecnu n=2, To R Ha3piBaeTcsi OMHApHBIM
OTHOIIIEHUEM MeXay A1 U Ay, RCA1xA,. Eciiu =3, To R Ha3bIBaeTCsl TepHAPHBIM
oTHomeHUEeM, A,;, RcA;xA,;xAs. T'oBopsar, uto (ai, ap, ...a,) HaxXomdTcs B
OoTHOIICHMHM R, ecmu ymopsjodeHHas N-Ka a;, ap, ...ap)€R. OmHOMEcTHBIC
OTHOIIIEHUS HA3bIBAIOTCS IPU3HAKAMU: a 001aiaeT nmpuzHakom R.

HaubGonee uacto BcTpeuaroTcss OuHapHble oTHoumieHus. Ecmu R ecthb
HEKOTOpOoe OMHApHOE OTHOIIEHUE, TO 3aMKCh (X, Y)€R u XRY —B3anMo3ameHsIeMBbI.

IIpumep 1. MuoxectBo {(2, 4), (7, 3), (3, 3), (2, 1)}, Oyayuu MHOKECTBOM
YIOPSIOYCHHBIX Map HATypalbHBIX YHCEN, €CTh OMHapHOE oTHOIIeHWEe Ha N, e
N — MHO>KECTBO HAaTypaJIbHbIX YUCE.

IIpumep 2. OTHOUIEHUE “MEHBIIIE YeM™ IJIS LEIIbIX YUCET €CTh MHOKECTBO
{(X, y)| g 1ensIx Yucen X U Yy HAWICTCA TaKOE IMOJIOKUTEILHOE YHCIIO Z, YTO
X+z=y}. Eciii 3TO OTHOIIIEHUE BBIPA3UTH CHUMBOJUYECKA OOBIYHBIM O00pa3oM, TO
npetokeHus “4<9” u (4, 9)e <” OyayT CHHOHHUMHYHBI (37€Ch 3HAKOM <’
0003HAYEHO OTHOIIICHHE ‘‘MEHBIIIEC YeM ).

IMpumep 3. Onepanys CI0KEHUS B MHOXKECTBE IIEJIBIX YHCEIT Z: BIPAKECHUE
k=m + n moxHo 3amucath B hopme yrBepkaeHus (K, m, n)e +, t.e. K ects cymma
HEJIBIX YUCesT M U N. ITO OTHOIICHHE SIBJISETCS TEPHAPHBIM OTHOIIICHUEM.

Jlnst  OWHApHBIX  OTHOIICHWM, SBISIONMIMXCS KAaK ©  COOTBETCTBUS,
MOIMHOKECTBAMH TIPSIMBIX MTPOM3BEICHNN, aHAJIOTUYHO COOTBETCTBHSIM BBOJISITCS
MOHATHSL 00JIACTH OIpEACIICHHsI, 00JIaCTH 3HAYCHMHA, MPOCKIIMH Ha MHOXKECTBa
(ocu) u 1.. Hanpumep, ob6sacth omnpezaeneHus: OTHOMIEHUSI R — 3T0 MHOXECTBO
NEepBBIX KOOpAUHAT U3 R, a 061acTh 3HaueHnit R — MHOKeCTBO BTOPBIX KOOPJUHAT
anemeHToB u3 R. Hampumep, o0nacteio omnpeneneHus s OTHOIICHHS
MaTEpPUHCTBA CIY)KHUT MHOXKECTBO BCEX Marepeil, B TO BpeMs KaK 00JacThiO
3HAYEHUI ATOTO OTHOIICHUS — MHOYKECTBO BCEX JIFOJICH.

[Tycts mano otHomenue R nHa A. Jlnsg mo0oro moaMHOXkecTBa AjeA
CCTECTBEHHO ompeneiseTcss oTHomeHue R', HaspiBaemoe cyxeHuemM R Ha Aj,
KOTOpoe ToJiydaeTcsl u3 R ymaneHueM Bcex mmap, COAEp)KalluXx AJIEMEHTHI, HE

npuHaanexkamme A;. JIpyrumu cioBamu, R'=R M Alz.

1.12.1 3ananue OMHAPHBIX OTHOIIEHUH

I[J'IH 3aJJaHuA 6I/IHapHI>IX OTHOLIICHUU HCIIOJIB3YIOTCA JIFOOBIE  CITOCOOBI
3aJaHuA MHOXKCCTB (HaanMep, CIIMCOK IIap, MJId KOTOPBIX AJAHHOC OTHOIICHHC
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BBITTOJTHsACTCS). OTHOIIEHWS HAa KOHEYHBIX MHOXKECTBAaX OOBIYHO 3aJIal0TCs
CIIMCKOM WJIM Ta0ymiel. buHapHOe OTHOIICHHEe Ha MHOXeCTBe A=(ay, ay, ..., ap) —
ATO KBajpaTHas TadauIa ¢ M CTpOKaMU U M CTOJIOLIAMU, B KOTOPOM BJIEMEHT,
CTOSIIIIAYN B I-TOM CTPOKE H |-TOM CTOJIOIE
{1, ecmn  a;Ra;;
Cij=

0 B mpOTBHOM cClTy4ae,

€ -9

IIpumep. Ha muoxectBe Mg ={1, 2, 3, 4, 5, 6} 3axath oTHomeHuUs: “<”,
“ObITh nmenuTenem’”’. PereHue mpeacTaBieHo B Tabauiax (1o CTpOKaM 3alriCaHbl
MIEPBBIC JIEMEHTHI, IT0 CTOJIOIAM — BTOPBIE).

OtHomeHNE “MMETh OOIIHiA

OtHomenne < JICUTENb, OTIWYHBINA OT €IUHUIILI
Mgl (2 |13 |4 |5 |6 Mgl (2 |3 |4 |5 |6
Mg Mg

1 111111 1 0000|070
2 oj1(1(1/(1 1 2 O/1(0(1|0/1
3 ojo0(1(1/1 1 3 O/]0(1(0|0/1
4 Oj]0(0(11 1 4 O/1(0(1|0/1
5 Oo(0|0|0]1]|1 5 0O(0|0(0]1]0
6 0O(0|0|O0]O0]|1 6 oOo/1(1(1/0/1

OtHomenue “boiTh geaurenem” {(X, Y) | X nemur y}

Mgl (2 |13 |4 |5 |6
Ms
1 17111111
2 0O/]1(0(1|0/1
3 oO(0|1(0]0]|1
4 0O(0|0(21]0]0
5 0O(0|0[0]|1]0
6 0000|012

I'paduueckoe 3amaHme OWHAPHBIX OTHOIICHUN OBUIO Pa3bsICHEHO TIPH
rpadpuyeckoM  M300paXEHWHM MPSIMOTO  MPOU3BEINCHHUS  JABYX  MHOKECTB.
Crtpenounoe 3aganne OMHAPHBIX OTHOIIEHUN — dJeMeHThl X U Y — N300pakaroTcs
B BHJIC TOYCK IJIOCKOCTH, KOTOPHIE COSIUHSIOTCS CTPEIIKAMH, HAPABICHHBIMU OT
X K y TOJNbKO Juisl Tex X€ X U ye€ Y, nus KoTopeix (X, y) € R. Hanpumep,
OTHOIIIEHUE “X nenuT Y “ n300pa3utcs rpadom:

X “X nenut y”’ Y
1 o o 1
2 ==="""""""".2
SQN e 3
>
5. 7.5
6 o =2, 6
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MoskHO n300pa3uTh Mg 01uH pas, Toraa rpad YnpoCTHTCS ¥ MPUMET BU/I;

CeuenueM 1 X=a MHOKeCTBa R Ha3pIBaeTCs MHOXKECTBO AJIEMEHTOB YeE Y,
s kotopeix (a,y) € R. MuoxectBo ceuenuit otHomieHuss R e XxY,
obo3Hauaemoe Y|R, Ha3piBaeTcs (PAKTOPMHOKECTBOM MHOXECTBa Y  TIO
oTHolIeHUI0 R 1 nmoigHOCTHIO onpesenseT R.

PaccmoTpum HexkoTopoe oTHomeHne Rc XxY, 3amaBaemoe rpagukom.
Ceuenue 1o a; MHOKecTBa R ecth {b;, b3}, ceuenue no a, — {by, bz, by} u T.1.

Hanumem mox KaxasiM 3J€MEHTOM X COOTBETCTBYIOIIEE ceueHue. Torma
BTOpasi CTPOKa JaeT (paKTOPMHOKECTBO MHOKecTBa Y 10 R.

a1 a as ay as
by | +
b, 4
b3 .
b, +
!
a; as as dag dsg

{by b} {by, bs, bs} {b1, bz, b} {T}  {b2, b}

OTUMU CEeUEHUSIMU TIOJTHOCTBIO ONpeEiesieTcs: oTHolIeH e R.

Bmecto omHoro snemeHta x€X MOXKHO paccMaTpuBaTh IHOJMHOMXECTBO
AcX. Ceuenne R(A) maOokecTBa Mo AcX ecth oObeaunHenue ceuenuii R(X) mo
BceM xe€A. Takum oOpasom, R(A) ecThb MOAMHOXECTBO MHOXKecTBa Y,
oOpazyemoe BceMu TeMH djieMeHnTamu Ye Y, s KoTopeix (X, Y) € R, XeA.

Ipumep. R(az)= {by, bz, bs}; R(as)= {by, bz, ba}; R({az, as})={{bs, b2, bs
b4}:B.

OTHOIICHHS HA3BIBACTCS OOPATHBIM K OTHOLICHMIO R (0603Hauaercs R™Y),
eciu aiR'laj <a;Ra;. Hm: R*={b,a)|aRb}={(b,a)|(a,b)eR}. U3

OIIpe/IeNIeH s HerocpeacTBerHo ceayer, uto (R) ' =R.
HpI/IMep. HYCTB S:{(b11 C2)1 (b21 Cl)’ (b21 CZ)’ (b31 C3)’ (b4’ C3)} TOFI[a
o6patnoe otHomenue S ={(C,, b,), (c;,b,),(C,,b,),(c5, bs), (c5,b,)}.
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[TockonpKy B 00IIeM ciaydae OTHOIICHHS (Kak, BIIPOYEM, U OTOOpaKEHUS)
npcaACTaBIIAOT coOoi MHOKECTBA, 3JICMCHTAMU KOTOPOI'O ABJIAIOTCA KOPTCKHU, TO,
CCTCCTBCHHO, K HHUM ITPUMCHHMBI MW COOTBCTCTBYIOIIHWC OIICpallkH Hal
MHOKecTBaMu. 1 BroHe O4YCBHUAHO, YTO.

(a,,a,,...a,)€EPUY¥Y <= (a,,a,,...a,) = wm (a,,a,,...a,)=EY¥;

(a,,a,,...a,) e N¥< (a,,a,,...a,)=® u (a,,a,,...a,) E¥;

(a,a,,...a,)€E®\¥<= (a,,a,,...a,) =0 u (a;,a,,...a,) ¢¥;

(a,,a,,...a,)EDPE (a,,a,,...a,) ¢d.

1.12.2 CgoiicTBa OMHAPHBIX OTHOIIEHMIA

Bunaproe otHomenne R (RcAxA=A?), 3ajaHHOC Ha MHOXeCTBE A
HA3BIBACTCS OTHOLIEHHEM TOXKIeCTBA, €CITU BCE €ro JIEMEHTHI (KOPTEKU) UMEET
BUI (a,a), Tae a€A u obosHauaercs ida, T.e. Id, ={(a,a)|a< A}. Ilapsl, Buga
(a,a) HA3BIBAIOTCS JMArOHAIBLHBIMH, a OTHOIICHHE 10 HA3BIBAIOT JUATOHAIBHBIM.
BronHe MOHATHO, YTO MaTpUIla OTHOIICHHS TOXJIECTBa OyJIeT HMETh BHJI
€IMHUYHON MATPHUIIbI:

OdeBumHO, YTO IS JIIOOOTO OWHAPHOTO OTHOIIEHWS R, ompemencHHOro Ha
MHO>XECTBE A, nMeeT MecTo paBeHcTBo: id , *R=R*ids=R.

bunapnoe otHomenue R, 3amaHHOoe Ha MHOXECTBE A, Ha3bIBaeTCA
pedaekcuBHBIM, eciii IdACR, T.e. KOr1a OHO BKJTIOYACT JUArOHAIb.

[Ipumepsr:

a. A — MHOXECTBO IPSIMBIX Ha TJIOCKOCTH, HA KOTOPOM 3aJjaHO OTHoIIeHue R=
«IIpamas X napasnenbHas npaMon Y.

JIecTBUTENBHO, KaK W3BECTHO M3 DJIEMEHTapHOW T'e€OMETPHUH, JIBE MpPSMbIC
napasuliesibHbl, €CIi OHM JIMOO COBMAJAIOT, JUOO HE UMEIOT HU OJHOUW oOIIei
TOYKHU (HUTZE He nepecekaroTcs). [lockonbKy npsimas X coBmajaeT cama ¢ CoOOH,
To napa (X,X) npuHamiiexxut nanHomy otHoteHuto R, T.e. (X, X)e R.

b. A — MHOXECTBO CTYJCHTOB HAIIETO By3a M Ha KOTOPOM 3a/laHO OTHOIIICHHE
P= «cryaent S poBecHuk cryaeHty V». OueBHUIIHO, YTO KKl POBECHHUK CaM
cebe, u mosTomy (S,S)eP.

bunapnoe otHomenne R, 3amaHHOE Ha MHOXECTBE A  Ha3bIBaeTCA
uppeduexcuBHbIM, eciiu aRa (wm (a,a)e R) He umeer cMbicaa. Wim Toxke camoe
MOXHO c(hopMyIupoBaTh Kak (a,a)¢ R.

[Tpumep:

a. Ha yucioBom MHOkecTBe D 3amano orHomenue R="<". BmojiHe o4eBUIHO,
9TO I JIIOOBIX JBYX 4YHCEI X OTHOIICHHWE X<X BCerma JIO0XKHO, T.€. BCE
JTMarOHAJIbHBIE AJIEMEHTHI (X,X) 9TOTO OTHOIICHHS Ha MaTPHUIE OTHOIICHHUA OyIyT
PaBHBI HYJIIO.

Cnenyer OTMETUTb, 4YTO HpPpPedieKCHBHbIE OTHOIICHUS €IIE€ Ha3bIBAIOT
aHTHpePPIeKCUBHBIM.

» bunaphnoe otHomeHue R, 3agaHHOe Ha MHOXECTBE A  Ha3bIBaeTCs

CHMMeTPHYHBIM, eci 1uIs napsi (a, b) € A% u3 aRb crexyer bRa (RcR™).
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[Ipumepsr:
a. [Ipamas A nepneHaukynspHa npsimoi B B mutockoctu Z.
b. Ctynent X siBisieTcst coceoM o mapre cryaeHTa Y.
(3ameTum, 4TO MPHUBEACHHBIC OTHOILICHUS HE ABIISIOTCA PEPICKCUBHBIMU).
» bunapHoe otHomieHne R, 3amaHHOE Ha MHOXECTBE A  Ha3bIBacTCH,
AHTHCUMMETPUYHBIM, ecniu w3 a,Ra; m a;Ra; cuemyer, uto @, =a; (

RNAR™ =id,).

[Tpumep:

a. OTHOILIIEHUE BKJIIOYEHMS JJII MHOKECTBA, T.€. OTHOILIEHUE «MHOXECTBO A
SIBISIETCSI MMOAMHOKeCcTBOM MHOKecTBa B». M ecitm A < B u B CA, 10 3
aKCHOMBI O0BEMHOCTH CIIEyeT, uTo A = B.

» bunapnoe ortHomenue R, 3agaHHOe Ha MHOXECTBE A  Ha3bIBaeTCA
TPaH3UTHBHBIM, Cu JUIA JoObIX @, b, ¢ € A u3 aRb u bRc crneayer aRc
(R < R.

[Ipumepsr:

a. OTHOIIIEHUS 0100 HA MHOKECTBE TPEYTOJIbHUKOB;

B. OTHOIIIEHHE «OBITH POBECHUKOMY», 33JJaHHOE Ha MHOXKECTBE CTYJICHTOB;

c. OrtHomeHne «ObITH OoJblIe (MEHBIIE)», 3aJlaHHOE HAa MHOXKECTBE
JNEWCTBUTEIbHBIX YHCEIL.

» bunapnoe orHomeHue R, 3agaHHOe Ha MHOXECTBE A  Ha3bIBaeTCsA
OTHOIIIEHHEM IKBHBAJIEHTHOCTH (WM TIPOCTO 3KBUBAICHTHOCTHIO), €CIIH IS
JFOOBIX DJIEMEHTOB @, D, C € A BBIMOIHAIOTCS CACIYIOIINE CBONCTRA:

- pednekcuBHocTh: aRa (ida < R);
- cummetpuuHocTs: aRb = bRa (R < R™);
- TpamsuTHBHOCTE: aRb 1 bR = aRc (R? < R).

[Ipumepsr:

a. OTHOILIEHWE paBEHCTBA Ha JIOOOM MHOKECTBE SIBIISIETCS OTHOIICHUEM

9KBUBAJICHTHOCTH  (pe(pJICKCMBHOCTh: a=a; CHMMETPHYHOCTh: a=b=b=a;

TPaH3UTUBHOCTH: (a=h u b=Cc) = a=c).

b. Ornomenne R={(1, 1), (1, 2), (1, 3), (2, 2), (2, 2), (2, 1), (2, 3), (3, 3), (3, 2),

(3, 1)} sBIAeTCS OTHOIIEHHMEM HKBUBAJICHTHOCTU, TaK KaK OHO pe(ICKCHBHO:

V(a){(a, a) € R}; cummerpuuno: (a, b) R (b, a) eR; Tpansuturno: ((a, b) u (b, ¢)

eR = (a, ¢) € R, rme a, b —uncna, npuauMarorye 3uaueHus 1, 2, 3. Hampumep,

TpaH3uTUBHOCTH (1, 2) € Ru (2, 3) € R Bneuer (1, 3) € R. Ot™metum, 4TO B 3TOM

npumepe R=R™.

c. OTHo1IeHue “ObITh Ha OTHOM Kypce” Ha MHOKECTBE CTYJEHTOB (paKyIbTeTa;

d. OTHOIIeHHE “UMETh OJMHAKOBBIN OCTATOK NP JACJICHUU Ha 37 Ha MHOXECTBE
HaTypaJbHbIX YUCET,

€. OTHONIEHNE MTapaJUIeIbHOCTH HAa MHOKECTBE MPSAMBIX MJIOCKOCTH.

d. OTHoIIeHHE TOI00MST HA MHOYKECTBE TPEYTOJIbHUKOB H T.I1.

e

Cyuraercs, 4T0 TEPMUH ‘OTHOIIECHUE DKBUBAJICHTHOCTH  IIPUMEHSIETCS
M
TOJIBKO B CIIy4ae, €CJIM BBIMOJIHSIIOTCS CJICIYIOIINE TPU YCIOBUS:
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» Kaxplii 37IeMEHT SKBUBAJICHTEH caMOMy cebe;

» BrIicka3piBaHMe, YTO JBa 3JIEMEHTA SBISIFOTCS SKBHUBAJICHTHBIMH, HE TpeOyeT
YTOYHEHUS, KaKOHM M3 JIEMEHTOB PACCMaTPUBACTCS MIEPBHIM, a KAKOH BTOPHIM;

» JIBa aneMeHTa, YKBUBAJICHTHBIE TPEThEMY, SKBUBAJICHTHBI MEXKIY COOOM.

Jlyist 0003HAYEHHS SKBUBATCHTHOCTH HHOTIA IPHMEHSIOT CUMBOI ~~"",

Torga obmiee ompenercHUE OTHOLIEHUSI IKBUBAJEHTHOCTH IOTYYHUM,
3anucaB TPU BBIIICTPUBEACHHBIEC YCIOBUS B BUE CIECTYIONIMX COOTHOIICHUH:

a~a (pedIeKCUBHOCTD);

a~b=Db~a (cummeTpuaHOCTS);

a~b u b~c =a~c (Tpan3utuBHOCTS).

OTHOLIEHNE PKBUBAJICHTHOCTH, 33JJTAHHOE€ Ha MHOKECTBE A, TECHO CBSI3aHO
C pa3OMEHHMEM MHOXKECTBA Ha KJAacChl. JTa OMNpENeNsaeTcs CIeAYIOIUM
YTBEPKJICHUEM:

Jlemma: «Bcskoe oOTHOIIEHHWE JKBUBAJICHTHOCTH, OMPEIEICHHOE Ha
MHOXXECTBE A, 3a71aeT pa30UeHNEe MHOXKECTBA Ha KIJIACCHI.

Jloka3zaTenbCTBO:

[Iycth Ha MHOXECTBE A 3aJaHO OTHOIIEHHWE DJKBUBAJICHTHOCTH «~.
Brimonnum cnenyroiee nmoctpoeHue. Beioepem aneMeHT a;€ A u o6pasyeM Kiace
(momMHOkecTBO A) Aj, COCTOSIIMM M3 dJIEMEHTa a; M BCEX DIIEMEHTOB,
SKBUBAJICHTHBIX a;; 3aT€M BBIOEpEM DJJIEMEHT a,¢A; U obpasdyem Kiacc Ao,
COCTOSIINI U3 2, U BCEX JIEMEHTOB, YKBUBAJICHTHBIX a; M T.JI. TTOJIYIHTCS CUCTEMA
Ki1accoB Aj, Aj;....(BOBMOXXHO OECKOHEYHas) Takas, 4TO JIOOOH 2JIEeMEHT u3 A
BXOJUT B OAWH KJacc. BroyiHe O4eBHAHO, YTO MOJy4eHHAs CHUCTEMa KJIAaCCOB
oOnazaeT CBOMCTBAMU:

> UA,ZA,
> Viz] ANA =@
> Vi A eA.

IToctpoeHHoe pa3bueHue, T.€. CHCTEMa KJIacCOB, HA3BIBACTCS CHCTEMOM
KJIACCOB PKBHBAJICHTHOCTH 110 OTHOIIICHHIO R.

C npyroii CTOpoHBI, JTIF0O0E pazdueHne A Ha KJIacChl ONMpeelseT HEKOTOPOe
OTHOIIICHNE YKBUBAJICHTHOCTH, & UMEHHO, OTHOIIICHHUE “BXOJUTH B OJUH M TOT K€
KJIacC JIAaHHOTO pa30ueHuUsI”’, UTO YTBEPKAACTCS CIASTYIONIEH IEMMO:

Jlemma: «Bcsikoe pa3OueHre MHOKecTBa A Ha Kiacchl 3aJaeT Ha
MHOKECTBE A OTHOIIIEHHE DKBUBAJICHTHOCTH

Jloka3aTenbCTBO:

ITyctb a, b € A u aRb < a u b nexar B onHoM kiacce pa3ouenus. Torma
s mroooro a € K aRa, T.e nanHoe otHomeHune pedieKkCuBHO.

[Tyctb K — HekoTopbIit Kinace pazoucHus, u a, b € K. Tormau b, a € K, T.c.
aRb = bRa, 4To moKa3bIBaCT CHMMETPUYHOCTH OTHOIICHHS DJIEMEHTOB JAHHOIO
KJjiacca.

[73 )

1
Taxoxe nj1s 0003HaUYCHHE SKBUBAJICHTHOCTH HCIIOJIB3YETCA CUMBOJI =
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N3 aRb u bRc cnenyer, uro a, b, ¢ € K. CnemoBarensno aRC uto
JTIOKa3bIBAECT TPAH3UTUBHOCTH OTHOILICHHUS 3JIEMEHTOB IAHHOTO KJlacca.

Takum oOpa3oM [I0Ka3aHO, YTO OJJIEMEHTBI, OMNpPEACISIONIUe Kiacc
pa3OueHus, CBsI3aHbl OTHOIIICHHUEM SKBUBAJICHTHOCTH.

IIpumep. Pazbuenue mMHokecTBa HarypanbHbIX yucen N={I, 2, ....} mo
OTHOIIIEHHIO “UMETh OONIMHA OCTAaTOK OT JejdeHus Ha 77 COCTOUT w3 7
OEeCKOHEUHBIX (CUETHBIX) KJIacCOB: mepBwIid kimacc —{0, 7, 14, 21,....} (ocratok 0),
BTOpoil kmacc —{1, 8, 15, 22,...} (ocrarok 1), Tpetuit kmacc —{2, 9, 16,....}
(ocTaTok 2) ...... , cenbMoit kiace — {6, 13, 20, 27,....} (ocTaTok 6).

IIpumep S. OrHOmIEHME “OPOKMBAHME B OJHOM JIOME B MHOYKECTBE
xutenet Poccun oO6pasyer pazouenune Hacenenus Poccun.

MHOXECTBO  KJIacCOB HJKBUBAJICHTHOCTH MHOXecTBa A  00pasyer
(aKTOPMHOKECTBO MHOXKECTBA A 1O OTHOUICHUIO SKBUBAJICHTHOCTU W
o0o3Hauvaercsa A|~.

CucteMoil TpeACTaBUTENIE HEKOTOPOrO0 OTHOLIECHUS 3KBHBAJIEHTHOCTH ~
Ha3bIBAETCA MHOXECTBO, COJIEpXkKallee M0 OJHOMY DJIEMEHTY M3 KaXJ0ro Kjiacca
HKBUBAJICHTHOCTH.

IIpumep. IlycTh Ha MIIOCKOCTHU OIpEAEeHa IeKapTOBa CUCTEMA KOOPAUHAT
¥ KOOpJAMHATHI 0003HAYAIOTCA Yepe3 X U y. byaem roBoputs, 4to iBe Touku M; u
M, SKBUBAJICHTHBI, €CJIU UX a0CITUCCHI paBHBI: M1~M <X 1=Xo.

Knacc »2KBUBaJ€HTHOCTH — TMpsAMasi, TNapauielibHas OCH  OpJIUHAT.
dakTOpMHOXKECTBa 00pa30BaHbl MPSIMBIMU Ha TIJIOCKOCTH, MapajiieIbHBIMU OCU
opaunat. Cuctema mpeACTaBUTENIC MOXKET OIpe/esieHa TOUYKaMu, JIeKalllMMU Ha
ocu abciuce, T.e. ToUkaMu ¢ koopauHatami (X, 0), xeR.

Jpyrumu mpuMepaMyd OTHOIICHHS SKBUBAJIEHTHOCTH MOTYT CIY)XKHUTh
paBeHCTBO H Tono0ue GUryp, JOTHYECKHE YTBEPIKICHHS, BBbIpaKaeMble C
ITOMOIIIBI0 000POTOB “UMETh TaKOE ke, “ObITh TAKHM XKe”.

1.12.4 OTHOLIEHUE MOPAAKA

YacTto MpuUXOAUTCS CTAIKUBATHCS C OTHOIICHHUSIMH, KOTOPBIE OMPEICIIIOT
HEKOTOPBIA TOPSAJIOK PACIOJIOKEHUS JJIEMEHTOB MHOXKECTBa. T. €. BO MHOTHX
CIIy4asiX MOKHO PacCIOJI0XKHUTh JIEMEHTHI MHOKECTBA A WM TPYIIIBI JIEMEHTOB B
HEKOTOPOM TMOPSAJIKE WIM JPYTUMHU CJIOBaMH - BBECTH OTHOIICHHME MOpSIKa Ha
MHO>KECTBaX.

Pa3znuyaroT OTHOIIEHNE HECTPOTOTO U CTPOTOT0 MOPSAKa.

OTHOLIIEHHMEM HECTPOToro MOopsKa Ha3blBAIOT OTHOIICHHE, O00Jajaroliee
CBOWCTBaMH:
» X < X UCTUHHO (pe(dICKCUBHOCTD);
» x<yuny<X = X=y (aHTUCUMMETPUIHOCTH);
» X<yuny<Z=x<Z(TpaH3UTUBHOCTb).
OTHOIIEHHEM CTPOTOTO MOPSAIKA HA3BIBAIOT OTHOIICHHUE:
» X <X JJOXHO (aHTUPEPICKCUBHOCTD);
» X <YywuYy <X B3aUMOHUCKIIOYAeTCs (HECUMMETPUIHOCTb);
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» X<ymny<z=X<Z TPpaH3UTHUBHOCTb.

DJeMeHThI a U b cpaBHMMBI 110 OTHOIICHHUIO MTOPsIKa R, eClii BIMOJIHACTCS
ycioBue aRb uinm bRa. MHOXecTBO A, Ha KOTOPOM 3aJaHO OTHOIIICHUE TOPSIKa
R, Ha3piBaeTCs MOJHOCTHIO (JMHEHHO) YMOPSJOYECHHBIM, €ClId J0ObIe JBa
aJieMeHTa A CpaBHUMBI, U YACTUYHO YIIOPSIIOYEHHBIM B POTUBHOM CIIydae.

Ipumep 1. OtHOomeHus “<”, “>” ABISIIOTCS OTHOLICHHEM HECTPOIOTrO
nopsiika (MJIM MPOCTO OTHOLIEHUEM MOpPSAJKA), & OTHOLIEHUS “<’, ‘> gBIAIOTCS
OTHOLIEHWEM cTpororo mnopsaka. O0a OTHOLIEHHA MOJIHOCTBbIO (JIMHEWHO)
ynopsigounBarotT MHoxkecTBa uucen N, Z, R.

IIpumep 2. Omnpenenum oTHOmEeHUsA “<” u “<” I N-3IEMEHTHBIX

YHCIIOBBIX KOPTEXKEH Claeayrommm oopasoM: (ay, ay, ... a) < (b, by, ... by), ecm
a< by, a<hy, ... a,<by); (ag @, ... ay) < (by, by, ... by) eciu (ay, @y, ... a,) < (by,
by, ... Dy) ¥ XOTS OBI /I OJHOM KOOPJMHATHI BBITIOJHEHO ycioBue & < Dj. Dt

OTHOIIEHHUS ONPENEISIIOT YACTUYHBIA TMOPSIOK HAa MHOXECTBE N-3JIEMEHTHBIX
KOpTeXel (BEKTOPOB) C YHCIOBBIMHU KoopauHaTamu. Koptexwu (5, 3, -2) < (5, 4, -
2), akoptexu (5,2, -3) u (5, 0, 0) He CpaBHUMBEI.

Ipumep 3. Cucrema NOAMHOKECTB MHOKECTBA A OTHOLIEHUEM BKIIOUYCHHUS
qacTU4HO yrmopsiaodena. Hampumep, {1, 2}c {1, 2, 3}, a {1, 2} wu {1, 3, 4} =He
CpPaBHHUMBI.

IIpumep 4. OTHOLIEHNE MOAYMHEHHOCTH Ha MPEANPUATHH 334a€T CTPOTU
YaCTUYHBIA MOpANOK. B HEM HecpaBHUMBIMU SIBISIOTCS COTPYIHUKU pPa3HBIX
OApa3ICIICHUH.

Ipumep 5. Ilycte pman andaBur A=(a, 0, ...) OTHOLEHUEM
MPEIIIeCTBOBAHNUSA JTOT al(aBUT MOJHOCTHIO ymHopsiaouuBaeTcs. OTHOIIEHHE
NpEAIECTBOBaHUA 0003HaYaeTCs 3HaKOM “<” (@; < @j, €CJIM @ IPEAIIECTBYET &; B
cnucke OykB andaButa). Ha oOcHOBe OTHOILIEHHS TNpeaUIECTBOBaHUSA OYyKB
CTPOUTCSI OTHOIICHWE TMPEANISCTBOBAHUS CJIOB, OMNpPEIEIsieMOe CIeAYIOUUM
o0Opazom:

[IycTh maHsl ciioBa op = ajg, 412, ...ad1m, Oz = 81, A2, ... dpm. loOrma oy < Ol
eclnM M Toipko ecnm ymbo: 1) oy =Pa;y, o,=Pa;d wma;<a; (B,v,6 -

HEKOTOPBIE CIIOBA, BO3MOXHO MyCThIE; ;,d; - OykBbI); 2). 00y =0ouf, Te B -

Hemyctoe cioo (Hampumep, oy — cimoBo “cron”, a o, — “cronoBas’, Toraa 3 -
CJIOBO “‘OBas’). DTO OTHOILEHUE 3aJAeT MOJHOE YMOPSAOYEHHUE MHOKECTBA BCEX
KOHEUHBIX CJIOB B ajipaBUTe A, KOTOpOE HA3BIBACTCS JIEKCHUKOTPaPUUECKUM
YIOPSIIOUYEHUEM CJIOB. 3aMETHM, 4YTO TIOJ CJIOBOM 37ECh IOHUMAETCS JiroOas
MOCJIEI0OBAaTEILHOCT,  OYKB,  3alMCaHHBIX  PSAJOM,  BO3MOXKHO,  ITyCTasl.
Jlexcukorpaduyeckoe ymopsaouYCHHUE JaT OT pPAaHHUX K TO3AHUM TpeOyeT
CIeAyIIed MX 3alKiCcu: CHadalla TOJl, MOTOM MECAl, 3aTeéM YHUCIO Mecsla.
Hanpuwmep, 99.01.01.

Ha MmHOXecTBE A MOXKET 3a1aBaTbCid HECKONbKO oTHomeHun R;, iel,
BKJIFOYAsT W SMIUPUYECKUE OTHOIICHUS M OTHOIIeHUs omnepanuu. [Ipumepamu
OMIIMPUYECKUX  OTHONIICHUW  SBIAIOTCS  OTHOIICHHS  JIOMUHHUPOBAHWUS,
NPEANOUTeHHS, CpaBHEHUs IO JOObIM Tpu3HaKaMm. [lpuMepamu OTHOIICHUH,
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3aJaBa€MbIX C TIOMOIIbIO OIEpalyii, SABIAIOTCS anreOpanyeckue Omepaluu
CJIOKCHHS, YMHOKCHUS U T. II.
Mexy 3eMeHTaMi MHOKECTBA A UMEET MECTO TOMUHUPOBAHUSA, €CIIA 3TH

3JIEMEHTHI 00J1a1aI0T CBOMCTBAMU:
» HUKaKOH JJIEMEHT HE MOXET JOMHUHUPOBATh HAJ CaMHM COOOM, T.e. X>>X

J0XKHO (aHTHPE(PIECKCUBHOCTD);
» X>>Y u Y>>X B3aUMOHUCKITI0UAeTCs (HECUMMETPUYHOCTD );
» TPaH3UTHUBHOCTbH UCKIIIOYACTCH.

1.13 KoHeuHbIe M 0eCKOHEYHbIE MHOYKECTBA

PaccmaTtpuBast pazMepHbIe MHOKECTBA, BUTHO, YTO MHOTAAa MOXKHO, €CJIH HE
(dbakTUYeCcKr, TO XOTsA OBl TNPUMEPHO, yKa3aTh YHCIO DJIEMEHTOB B JIaHHOM
MHOKeCTBe. Hampumep, MHOXKECTBO BCEX BEPIIMH MHOTOTPAaHHUKA, MHOKECTBO
BCEX IMPOCTBIX YHCEN, HE MPEBOCXOSINIMX JaHHOE YKCJIO, MHOXKECTBO BCEX
MOJIEKYJ B HEKOTOpOM oObeme U T.n. Kaxpgoe u3 3THUX MHOXECTB COJEPKUT
KOHEUHOE, XOTs, ObITh MOKET, U HEU3BECTHOE HaM 4HuCJIO dJeMeHTOB. C apyroit
CTOPOHBI, CYIIECTBYIOT MHOXECTBA, COCTOSIIIME W3 OECKOHEYHOIO YHCIia
AJIEMEHTOB. TakoBO, HampuUMep, MHOXECTBO BCEX HATypaJIbHBIX YHUCET,
MHOYKECTBO BCEX TOUEK Ha MPsIMOM, BCEX KPYTroB Ha MJIOCKOCTH U T.II.

JIBa KOHEYHBIX MBI MOXKEM CpaBHUBATh [0 YHUCIY DJIEMEHTOB.
CrpaimuBaeTcs, MOXHO JIM TIOJOOHBIM 00pa3oM CpaBHUBATh OECKOHEYHBIC
MHOX@ecTBa? VmeeT 1M CMBICH, HampuMep, BOIPOC O TOM, Yero OoJbIIe:
pallMOHANIBHBIX YHCEN WM HaTypajbHBIX, TOYEK Ha MPSIMON WM TOYEK Ha
oTpe3ke? I cpaBHEHHMS KOHEYHBIX MHOXKECTB HEOOXOIMMO OIPEACITUTh
KOJIMYECTBO JJIEMEHTOB B CPABHMBAEMbIX MHOKECTBaX, TEM CaMbIM OCYIIIECTBUTH
CpaBHEHHME MHOXXECTB. HO MOXHO MOCTYNUTh U MHAYE, & UMEHHO — MOIbBITATHCA
YCTAHOBUTH OUEKIUIO MEXAY OJJIEMEHTaMH CpPaBHUBAEMBbIX MHOXECTB, T.€.
B3aMMHO OJTHO3HAYHOE COOTBETCTBHUE, TP KOTOPOM KaXKJIOMY DJIEMEHTY OJIHOTO
MHOYKECTBa COOTBETCTBYET OJWH M TOJILKO OJIMH 3JIEMEHT JAPYroro MHOKECTBA, U
Hao0OpoT. SICHO, YTO B3aUMHO OJHO3HAYHOE COOTBETCTBHE MEXIAY JBYMs
KOHEUHBIMM MHOXECTBAMU MOKHO YCTAaHOBUTH TOTJa M TOJIbKO TOrAa, KOrja
YHCIIO DJEMEHTOB B HHMX OJIMHAKOBO. YCTAHOBJEHHE B3aWMHO OJHO3HAYHOTO
COOTBETCTBHS IIPUTOJIHO U ISl CPABHEHMSI M1 OCCKOHEYHBIX MHOYKECTB.

1.13.1 CuéTHble U HECUETHBIE MHOKECTBA
[Tpocreitiimu  cpear OECKOHEYHBIX MHOXKECTB  SIBJISIETCSA  MHOXECTBO
HaTypaJIbHBIX YUCEIL.
Omnpenenenue: MHOXKECTBO HA3bIBA€TCsl CYETHBIM, €CIIA  DJIEMEHTHI
MHO’K€CTBa OHMEKTHBHO COIIOCTABIJIEHBI CO MHOKECTBOM HaTypajbHBIX YHCEIL.
ITpuBeném npuMepsbl CUETHBIX MHOXKECTB.
IIpumep 1. lMeemM MHOXKECTBO BCEX MLENBIX YHCENI. YCTaHOBUM
COOTBETCTBHUE MEXKIY BCEMH HATYpPaJbHBIMU YHCIIAMH 10 CXEME:
0,-11-22-3,3...,
1, 2,3, 4,5, 6,7...,
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BooOme, nnst n > 0 cornoctaBuM Heu€THOE Yucio 2n+1 , a OTpUIaTeIbHOMY
N < 0 — 4gétHoe uncio 2|n| , ¥ TorAa MOJIYIHM:
N < 2n+1 opun > 0; N <> 2|n|] mpu n <0.

ITpumep 2. MuoxkectBo 2, 4, 8, 16...2" ... cuerHo.

JIeCTBUTENBHO, B TAHHOM CIIy4ae MMEEM MHOXKECTBO CTEIEHEH 4ducia 2.
311eCh KaXI0My YUCIly 2" COOTBETCTBYET YUCIIO M.

Wtak, ecnu OECKOHEUHOE MHOYKECTBO OKa3bIBA€TCSI BO3MOKHBIM IPUBECTU
BO B3aUMHO OJIHO3HAYHOE COOTBETCTBHE C HATYPAJIBHBIM PSIIOM UYHUCEN , TO TAKOE
MHOYECTBO HA3bIBAIOT CUCTHBIM. ECiH GECKOHEUHOE MHOMKECTBO HEBO3MOXKHO
IPUBECTU BO B3aMMHO OJJHO3HAYHOE COOTBETCTBHE C HATYPAJIbHBIM PSIIOM YHUCEIL,
TO €0 Ha3bIBAIOT HECYETHBIM.

Ipumep 3. MHOKECTBO BCEX PallMOHAIBHBIX YHCEI — CYETHO.

H3BecTHO, 4TO palMOHAIBHOE YMCIO MOXKHO MPEACTaBUTH B BHUJIE IPOOH
=q/p, TAe q U p — oObIe 1enble yucaa. st Toro yToObl yOeIUuThCA B TOM, YTO
MHOKECTBO PAllMOHAIBHBIX YHCEN CYETHO, MPEJCTaBUM BCE MHOXKECTBO
palioHaJIbHBIX YHUCENl B BUJE TaONHIBI, B KOTOPYIO 3aHECEM HECOKpPATHMbIC
apobu. O6xoas TAOIUILy 110 HAITPABJICHUIO CTPEIIOK,

1 1,1 1,1

2

p— § g ? T ceesescccscns

S S LS

s 3 3 3 3

U
VS

4 4 4 4 4

I g g 7 T eeeesscscscnss

IIPUXOJHM K ITOCJICAOBATCIIBHOCTHU

1121211121314’§121311121§1£
2 3 3 2 5 4 5 7 4 3

9ecceny

HOBBOJ’IHIOH.[GI‘/'I 3aHYMCPOBATH BCC OTU YMUCJIA.

Ipumep 4. MHOKECTBO BCeX alreOpandecKUX YUCEN - CUETHO.
AnreOpanyecKUMHM YHCJIaMM  Ha3bIBAIOTCS YHUCJIA, KOTOPbBIE SIBIISIOTCS
KOPHSIMU YPaBHEHHUS

n n-1 n-2 1 _
axX +a, X T +a, X “+...+aX +a,=0,

1
CHC,Z[yCT 3aMCTUTh, HEC BCC OCCKOHEYHbIE MHOXKECTBA SIBJISIOTCS CYCTHBIMH.
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rae ay, &, a,, ...,a, - Lenble 4Yucia (OHM MOTYT OBbITh IOJIOKUTEIbHBIMU,

OTpUOATCIbHBIMU W PAaBHBIMHU HYJII-O) I’II/ICJ'Ia, KOTOPBIC HC ABJIAIOTCA
aJIFe6paHLIeCKI/IMI/I, HA3bIBAIOTCA TPAHCHECHACHTHBIMMU.

HTak, BCIKO€ MHOXKECTBO, PAaBHOMOIIIHOE MHOXKECTBY BCEX HATypaJIbHBIX
YHCeN, Ha3bIBACTCS CYETHBIM. MoOIITHOCTh  CYETHOTO MHOXECTBA YacTo
o0o3Hauaercs 3HaKoM N (HuTtaercs aned Hynb. Aned — nepBasi OykBa CEMUTCKHUX
andaBuToB (HGUHUKUNCKOTO, IpeBHEEBpelckoro, apadbckoro u ap.). Ecom E —
CYETHOE MHOXECTBO, TO €r0 MOITHOCTH |E|=¥,.

1.13.2 CBONCTBA CYETHBLIX MHOKECTB

1. Bcsikoe MOAMHOKECTBO CHETHOT0 MHOKE€CTBA KOHEYHO MJIM CYETHO.
[okazarensctBo. [lycTh A —CUeTHOE MHOKECTBO, B — €ro moamMHOXeCTBO.

3aHymMepyeM dJIEMCHTBI MHOKECTBA Al g, 8y, ..., an... llycTh &, ,a, ,... - TC U3

HUX, KOTOpble BxoaaT B B. Ecnu cpeau yucen nj, Ny,... €cTh Haubosbluee, To B
KOHCYHO, B MPOTHBHOM Cilydae B CYCTHO, MOCKOJIBKY €ro 4WICHbl a,,a, ..

3aHyMEpOBaHbI yuciamu 1, 2,. ..

2. O0beauHeHHE JIO00T0 KOHEYHOI0 MJH CYETHOI0 MHOKECTBA
CYETHBIX MHOKECTB €CTh CHOBA CY€THOE MHOKECTBO.
HokazarensctBo.  Ilyctb A, A,, ... - CUETHBIE MHOXeECTBa. MOXHO
CUUTATh, YTO OHU MOIMAPHO HE nepeceKaIOTc;[.2 Bce snemenTnsl MHOXKECTB A, A,,
MOYKHO 3aMucaTh B BUJE CJICAYIONICH OECKOHEUHOMN TaOIHIIbI:

a1 drp  A13 Ay
Ay Ay A3 A4

431 dzp d33 A

r7i¢ B NIEPBOM CTPOKE CTOST DJIEMEHTHl MHOXKECTBAa A;, BO BTOPOU — BJIEMEHTHI
MHOXECTBa A; U T. 1. 3aHyMEpYEM BCE 3TH AJIEMEHTHI MO AWAroHaJIAM, T.€. 3a
MEPBBIA BJIEMEHT MPUMEM a;;, 32 BTOPOH a1y, 32 TPETUM ap; U T.O., ABUTASICh B
MOPSIJIKE, YKa3aHHOM CTPEIIKaMH Ha CIIEAYIOIIeH Ta0auIe:

ai ajo a3 di4
A a2 a3 do4
a3 az; a33 a3q

’B MPOTUBHOM CIIy4a€e BMECTO HUX HYXKHO PacCMaTpUBATh MHOKECTBA A1, A\A 1, As\(A1UAY), ... KaxIoe u3
KOTOPBIX HE 00JIee YeM CUCTHO, - UMCIOIIHE Ty KE CaMyI0 CYMMY, YTO U MHOXKECTBa Aj, Ay, ...
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SIcHO, YTO MpPHU ATOM KaXKIbIA 3JEMEHT Ka)XJAO0ro M3 MHOXECTB MOJYYUT
ONpENENeHHbIA HOMEp, T.6. OYyIeT YCTAaHOBJIEHO B3aMHO OJHO3HAYHOE
COOTBETCTBHE MEXIY BCEMHU 3JIEMEHTaMH BCEX MHOXKECTB Aj, Aj, ... U BCEMU
HaTypaJbHBIMU YHCIAMHU. Y TBEPKICHHE TOKA3aHO.

3. Besikoe 0eCKOHEYHOEe MHOKECTBO COACPKUT CYETHOE ITOAMHOKECTBO.

JlokazaTenbctBO. Ilycth M — OGeckoHeuHOE MHOXKECTBO. BriOepeM B HeM
IPOU3BOJIbHBIN 3JIeMEHT a;. [Tockosnbky M OecKOHEUHO, B HEM HailIeTcsl 3J1eMEHT
ap, OTJIIMYHBIA OT a;. 3aT€M HAWJETCA az, OTIWYHBIA OT a; U OT ap U T. [
[Iponomxkast 3TOT mpouecc (KOTOpbIH HE MOXET 00O0pBaThCs M3-3a HEXBATKU
AJIEMEHTOB, T.K. M — OECKOHEYHO) MOJIYUM CYETHOE MOAMHOXKECTBO A={ay, 8y, ... ,
an, ...} MHOXKeCTBa M. YTBepxKACHHUE 10KA3aHO.

13.3 DKBUBAJEHTHOCTHL MHOXKECTB

CpaBHuUBas T€ WM MHBIE OECKOHEYHBIE MHOKECTBA C HATYPAJIbHBIM PSIIOM,
MBI TIPUIIUIM K MOHSATHUIO CYETHOTO MHOKECTBA. SICHO, YTO MHOKECTBa JIOTUYHO
CpaBHMBATh HE TOJIbKO C MHOXXECTBOM HATypaJbHBIX YHCEJ; YCTaHOBJICHUE
B3aUMHO OJTHO3HAYHOT'O COOTBETCTBUS (OMEKLHH) MO3BOJISIET CPAaBHUBATh MEXIY
co0oi1 J1I00bIe 1Ba MHOXKECTBA.

Omnpenenenne: JlBa wmHokectBa A u B, Ha3bpIBalOT >KBUBAJICHTHBIMU
(o6o3nauaetcst A ~ B), ecniu Mmex1y UX 37€MEHTaMU MOKHO YCTAaHOBUTH B3aUMHO
OJIHO3HAYHOE COOTBETCTBHUE.

[ToHsiTHE SKBHBAJEHTHOCTH MPUMEHMMO K JIFOOBIM MHOXXECTBaM, Kak
KOHEUYHBIM, TaK W OECKOHEUHBIM. J[Ba KOHEYHBIX MHOKECTBA HKBUBAJIICHTHBI
MEKTy COOOM TOT/1a KOTJ1a YHUCIIO DJIEMEHTOB Y HUX OJMHAKOBO.

Ornpenenenrue CYeTHOT0 MHOXKECTBA MOXKHO C(POPMYIUPOBAThH CIAETYIOLUIUM
obpazom:

MHOX€eCTBO Ha3bIBAETCSI CUETHBIM, €CJIM OHO SKBHUBAJICHTHO MHOKECTBY
HATypaJIbHBIX YUCET.

JIBa MHOKECTBA, IKBUBAJICHTHBIE TPEThEMY, SKBUBAJICHTHBI MKy COOOM, B
YaCTHOCTH, JTFOOBIC JIBa CYETHBIX MHOYKECTBA YKBUBAJICHTHBI MEXTy COOOM.

Bosbiiryto posibs B pelieHnd MPaKTUYECKUX 3a7a4 TEOPUH MHOXKECTB UMEET
Teopema Kanrtopa—bepHiuTeiiHa, KOTOpylO  MOXHO  C(OPMYIHPOBATH
cineayromnmuM obpazoM: «Ilycts A u B — nBa npousBosibHBIX MHOXecTBa. Ecnu
CYIIECTBYET B3aMMHO OJHO3Ha4YHOE OToOpaxkeHue f MHOXkecTBa A Ha
NoAMHOXXeCTBO B; MHOkecTBa B W B3aMHO OJHO3HA4YHOE OTOOpaKEHUE ¢
MHO>KecTBa B Ha mogMHokecTBO A; MHOXKecTBa A, To A 1 B SKBUBaJICHTHEI .

1.13.4 HecueTHBIC MHOKECTBA

Ecimu A — xoHeunoe MHOXecTBO, TO |A|<|B(A)|, T.e. MOIIHOCTH OyJcaHa
JF000r0 KOHEYHOTO MHOXECTBA OOJIbIIIE MOIIMHOCTH CaMOTO MHOYECTBA, YTO
_ olA
BIIOJIHE OueBH/IHO, Tak |B(A)] = 214,
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Tak kak Kaxa0e OECKOHEYHOE MHOXKECTBO TAK)KE€ UMEET MOJAMHOXKECTBO, TO
MOYHO TOBOPUTbH U MOIITHOCTH €ro OyjeaHa.
[lycth 3amano cuetHoe MHOxkecTBO N. Torma mo aHajgoruv ¢ KOHEUHBIMH

MHOKECTBAMH MOYHO YTBEP)/aTh, uTo MolHocTh Oyreana |[P(N)= 2™ = Ni.
CTpOorocTh 3TOTO BBICKA3bIBAHUS OIMPEACITSACTCS TEOPEMOM, COTJIACHO KOTOPOWM
«MoIHOCTh OyjleaHa 0OeCKOHe4YHOro MHO:KecTBa N mpeBbINIAeT MOIIHOCTH
MHOKecTBa N».

Urak, eciiu N — cueTHOE MHOXECTBO, TO COTIIACHO MPUBEICHHON TeOpeMe

IB(N)|>IN|, T.e. 81 > No.

MuoxectBo [B(N) HecyeTHO ¥ €ro MOIIHOCTH paBHA MOIIHOCTH

KOHTHHYyMa.

Teopema I'. Kantopa. MHO0KeCcTBO BcCeX ACHCTBUTEJBHBIX YHCEJ
unrepBasa 0<a<1 HecueTHO

HoxkazarensctBo  Jtoboe  uMcio ~ paccMaTpuBaeMOro  HMHTEpBajia
MPEACTaBIACT COOON KOHEUHYI0O WM OECKOHEYHYIO JACCATUYHYIO Ipo0b BHUIA
0.a;a5a3 ... ¥ MOXKET OBITh MPEICTABICHO TOUKOM OTpe3Ka BellleCTBEHHOM ocu. T.e.
TeopeMa yTBEpKIaeT, YTO MHOKECTBO Touek oTpeska (0,1] HecueTHo.

[Ipeanonoxxum, 4To MOCIEAOBATENbHOCTh (.2;aa3... MPEACTaBISET COOOM
OCCKOHEUHBI TIEPeUCHb JEHCTBUTENBHBIX YHUCEN, MPUHAICKANUX OTOMY
uHTepBaTy. Bompoc cocToutr B TOM, MOXKET WJIM HE MOXET MOJOOHBIN MepeUeHb
COZIEp’KAaTh BCE YMCIIA 3TOrO MHTEPBAJA, T.€. HENb3S JU HAUTH YHUCIO, KOTOPOE
MPUHAJJICKUT 3TOMY MHTEpPBANy, HO HE BXOAUT B YKa3aHHBIN IEpPEYEHb YHUCEIL.
Jns Toro, 4yToOBl HAWTH TaKOE€ YHWCIO, 3alUIIEM BCE BXOJAIIME B TEpPEUYEHb
JIeCATUYHbIe JpoOu oaHy moj apyroil. OOpaszyeM AuaroHaJibHYH ApoOb,
YKa3aHHYIO CTpEJIKaMH, U 3aMEHUM B HEH KaXKIyI0 U3 MOCJIEAOBaTEIbHBIX IU(P
a,, Ha OTIMYHYIO OT Hee IMpPy a,, TaK, YTOObI IPH ITOM HE MONYYHIACH

KOHEYHas ApoOb.
0.a;; &, Q13 Ay ceeeennnn.

N

0.9,; @5, A3 App  cevernnnn

Y

0-a31 a32 a33 a34 oooooooooo

Y

0.8, A4, Q3 Qzq ceeeennn.

! ! ! 4 2
[onyuennasa apo6s 0.a7; 85,8355 ... IpeAcTaBIsAeT coOON AEHCTBUTEIBHOE

YUCIIO, MPUHAJIEKAIEe HalleMy HHTEpBaly, HO HE BXOJSIIEEC B
paccMmaTpuBaeMblid epeueHb. J[eMCTBUTENBbHO, 3Ta IPOOh OTJIMYAETCS OT MEpPBOM
U3 JIaHHBIX JpoOei cBoel mepBoil muQpoN Mocie 3amiaTod, OT BTOPOM - CBOeH
BTOpOM 1U(poit Tocie 3amsaToid, OT TPEThel - TpeThell IMUdpPoil Mmocie 3aniaron u
T. 1. Takum 00pa3om, MBI MOTYYHIN YHCIO U3 JIAHHOTO MHTEPBajia, KOTOPOE HE
MMPOHYMEPOBAHO U MO3TOMY MHOXECTBO HE SIBIIETCA CUETHBIM. Ero MOIIHOCTH
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Ha3bIBACTCd KOHTHUHYYMOM, a MHOXCCTBaA TaKoM MOIIHOCTH HAa3bIBAKOTCA
KOHTUHYAJILHBIMHU. TeopeMa JOKa3aHa.

PaccmarpuBaemsiii maTepBas (0,1] MOXKET OBITH NMPUBEAEH BO B3aUMHO
OJTHO3HAYHOE COOTBETCTBHE C JTIOOBIM IPYTUM UHTEPBAJIOM (a,b].

Takoe B3aUMHO OJHO3HAYHOC
COOTBCTCTBHC MOKHO YCTa-

HOBUTh C TIOMOIIBIO  IICH-
\ TpaJIbHOU MTPOEKIUH.
Y

b

ol
¥

Tak kak MomHOCTh Oyiecana [B(N) paBHa MOIIHOCTH MHOMXECTBA BCEX
nerdcTBUTENbHBIX yncen uHTtepBaia 0 <X <1, ToO 3TH MHOKECTBAa SKBUBAJICHTHBI.
O06a oHM XapaKTEepU3YIOTCA KapJAUHAJIBHBIM YUCIOM (MOIIHOCTHIO) N;. Takue
MHOECTBA YCIOBHO HA3bIBAIOT N 1-MHOKECTBAMH.

Cnenyer OTMETUTh, UYTO MOIIHOCTh KOHTHHyyMa HE camasi Oojblias
MOITHOCTh Cpeld OECKOHEUHBIX MHOXKECTB. PaccmMoTpuM MHOXECTBO €
AJEMEHTaMH M3 NX1-MHOYKECTBA M COCTaBUM BCEBO3MOXKHBIE IMMOJMHOMXECTBA M3
ATUX dJIEMEHTOB. Torjga OYEBUJIHO, YTO MOINHOCTh BHOBb IOJYYEHHOIO

MHOXeCTBa N, OyJeT ompenensThCs Kak  Np= 2N1, OTKyJla CIJIEAyeT, YTO
MOIITHOCTh OysieaHa N;-MHOXECTBA IMPEBBIIIAET MOITHOCThH N;-MHOXECTBa, T.C.

NX,> X4, TouHO Taxke MOKHO ITOKa3aTh, UTO N3= 2%y,

B 1878 roay I'. KanTop BbICKa3asl MPEIJIOAKEHHUE, YTO BCSIKOE MHOYKECTBO
NEUCTBUTEIBHBIX YHCEN JHMOO KOHEYHO, JIMOO CcYeTHO, MO0 HecdeTHO (T.e.
SKBHBAJICHTHO MHOXKECTBY JICHCTBHUTEIIBHBIX 4HCEN). B COOTBETCTBHUH C ATUM
mo0oe OECKOHEUHOE JIECATHMYHOE YHCIO TMPUHAJICKUT JUOO0 CYETHOMY

MHOXKECTBY A, 6O HecueTHOMy MHOecTBy B morHoctn [Bl= 8§, = 24 = 2%,
Ho kak ObLI0 mokazaHo paHee N; > N, 1.e. |B| > |A], rne B — mepBoe mocie
CUETHOTO MHOXECTBO, MOIIHOCTh KOTOPOTO MPEBBIIIACT MOIIHOCTh CUETHOTO
MHOX)ecTBa. HO TyT W BO3HHMKaeT BOMPOC HACYET €ro «IEPBOCTH». A BAPYT
CYIIECTBYEeT HEKOTOpoe MHOKecTBO X st kotoporo |A|<L| X |L]|B|? Iloatomy

BIIOJIHE €CTECTBEHEH BOIpoc: «BepHO 1M, 4YTO MOIIHOCTH MHOXECTBA BCEX
MMOJAMHOKECTB CUETHOIO MHOYKECTBA €CTh IEpBasi MOIIHOCTb, MPEBOCXOASANIAs
MOIIHOCTh MHOKECTBA BCEX HATYpPaJbHBIX 4HcCEeN»? ODTO M €CTh 3HAMEHUTAs
runore3a Koutunyyma. B 1938 r. aBcrpuiickuii marematuk K.I'egens mokaszai,
YTO JlaHHAs THUIOTE€3a HE MOXET OBbITh ONPOBEPTHYTa TPAJAUIIMOHHBIMHU
CpeACTBaMH TEOPUU MHOKECTB.

MHOX€eCTBO NEHMCTBUTEIBHBIX YMCEII JIEIUTCS HA JBA HEMEPECEKANOIIMUXCA
kinacca. IlepBwiii  kiacc 00pa3yroT —anrebpanyeckde 4uciaa, BTOpPOM —

TpaHCLeHACHTHbIC. TpaHcmeHIeHTHBIe Ynciaa (7aT. transcendens —BBIXOIAIIHIA
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3a TpeAenbl) — UUCHA, KOTOpPbIE HE MOTYT OBIThb KOPHSMHU HHKAaKOTO
anreOpanveckoro ypaBHeHHMs ¢ 1ensiMu  koddduumentamu. Hampumep,
n1=314159265..., €=2,71828..., wiu Ig A, rne A — mo0o¢ LEea0e YUCIO, HE

U300paKaeMoro eIMHUIIEH C HYJISIMH U JIp.

B oOmeM ciydae, TpaHCIEHACHTHbIE YMCIA HE MPEACTABISIOT KaKyI-TO
MaTEMaTUYECKYIO PEIKOCTh (XOTsI UM U uMeHa aarot!). JlecTBuTeNnbHO, ecnu — £
— MHOKECTBO JICHCTBUTEIBHBIX YKCell, a R — MHOXeCTBO anredpandeckux yucen,

To EMNR mnpeacraBiaser co0ol MHOXKECTBO TpaHCIEHJASHTHBIX umcen. Ho

MHOXECTBO R - cueTHO, clegoBaTeabHO, MHOXeECTBO E MR HecuetHo, T.e.
MHOKECTBO TPAaHCUEHJIEHTHbLIX 4YuceJ HecueTHo. Imenno tak I'. Kantop
JI0Ka3ajJ CYyIIECTBOBAHMWE TPAHCLUEHJICHTHBIX 4uced B 1873 r, uTo mpousBeso Ha
MaTEMaTHKOB MHpa OOJIBIIIOE BIICYATIICHHUE.

HecMoTpst Ha IpOCTOTY OmMpeeTIeHUsT MHOKECTBA TPAHCIICHACHTHBIX YHCET,
BOIIPOC O TPAHCIEHJACHTHOCTH TOrO0 WJIM HMHOTO YKCIIa PEIIAeTCs JOBOJBHO
TpyaHo. Hampumep, korma B 1882 1. Oblia JoKa3aHa TPAHCIEHACHTHOCTh YMCIIa
7 =314159265..., TO 3TO ABUIOCH 3aMETHBIM COOBITHEM B HAYKE TOTO BPEMEHHU.

1.13.5 BepxHsisi 1 HUKHAA TPAHAIILI MHOKECTBA

PaccmarpuBas 1MOAMHOXKECTBO A  yHOPSAJOYEHHOIO OCHOBHOTO (B
YaCTHOCTH, YHUBEPCAJIILHOI0) MHOecTBa | U mycTh R — HekoTOopoe oTHolIeHHe
nopsiaka Ha |. Ecim cymectByer Takod sneMmeHT Mel, uto s Bcex aecA
CIIPABEJIJIMBO yTBepKaeHUE aRM, To M Ha3bIBaeTCss MAaKOPAHTON (MJIM BepXHeH
rpaHuIei) MHOXKECTBA A.

AHaNOrMYHO, €CIU CYUIECTBYET Takoi sneMeHT Mel, uyto mist Bcex aeAd
YVAOBJIETBOPSIET OTHOIIEHHWe MRa, TO m Ha3bIBA€TCI MHUHOPAHTON (HMKHeWH
rpaHuuen) MHOXeCTBa A.

Ecmm maxopanta M MHOXecTBa A NPHUHAMICKAT MHOXKECTBY A, TO M
Ha3bIBAETCSI MAKCMMYMOM MHOXECTBa A (HauOOJIBIIMM 3JIEMEHTOM MHOECTBA

A). O6o3Havaercs creayromuM odopazom: maxA=M; maxa=M . Makcumym M
acA

€IUHCTBEHEH. [[eMCTBUTENBHO, MPEANOJIOKUM MPOTUBHOE, UYTO MHOXKECTBO A
uMeeT aBa Makcumyma (M; u M,), Toraa ycnoBus V{(a) (aRMiy) w V(a) (aRM)
Biekyr M;RM, u M,RM,;, cnenoBarenbHO, B CHUIy aHTHCUMMETPUYHOCTHU
oTHoIIeHu# nopsiaka M;=M,.

Ecaiu MuHOpanta MeA, TO M Ha3bIBa€TC MUHUMYMOM MHOXECTBa A

(HaumeHbIUM 37ieMeHTOM).  O0o03Havaercs: MINA=mM; minAaz M. MuHEMYM
as

TaK)K€ M €IMHCTBEHEH.

Bepxneit rpanuneit A sBaserca yucino H Takoe, 4yro mig moboro a € A
umeer Mectroa < H(Valae A4— a<H;H-sup4).

TouHol BepxHeW TrpaHHICH WM cympeMyMoM (JaT. SUPremum — camblii
BBICOKHI) MHOXeCTBa A, 0003HauaeMoi SUP A, HA3BIBAIOT BEPXHIOK TPAHMILY,
KOTOpasi He MPEBOCXOAUT JIIOOYI0 APYryl0 BEPXHIOI TrpaHuily. MHOXKECTBO
MOKET UMETh TOJIBKO OJJHY TOYHYIO BEPXHIOIO IPAHHUILY .
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Hwxuell rpanuieil MHOkecTBa A siBisieTca ynucio L takoe, yTo ais a000ro
ae A wnmeer Mmecto a> L (V alae A - a> L -infA4).

TOYHOW HWIKHEW TPaHUICH HA3bIBAIOT HIDKHIOK TPAHUILY, HE MEHBIIYIO
ar000M Japyroi HuKHEH rpaHuipl. HukHss rpanuna obo3nauaercs inf 4 u
Ha3bIBacTCs MHGUHYMOM (1aT. INfimum — caMblit HU3KUH) .

Paccmotpum otpesok [a, b], a < b Ha uncnosoii ocu. OCHOBHOE MHOXKECTBO
— MHOJECTBO JICHCTBUTENIBHBIX YHCEN YIOPSI0YEHO OTHOIIeHHeM “<”. Jlroboe
JCUCTBUTEILHOE 4YHCJIO, OOJbIlIee WM paBHOE D, SBISETCS MaKOPAHTOU.
MHOXECTBO O3THX Ma)KOpaHT HMEEeT MHHHMYM, paBHBIA D, ciemoBaTenbHO
sup[a, b]=b. Amanoruuno inf[a, b]=a.

C ngpyroit cropoHsl, Maxkopanta b mnpuHamiexkutr otpesky [a, b],
clieZIoBaTeNIbHO, YKo b sBasercs makcumymom: max[a, b]=b; min[a, b]=a.

Ecnmu Obl paccmarpuBasii  umHTEpBan (@, b), 10 a u b sBsgroTCs
COOTBETCTBEHHO MUHOPAHTON W Ma)KOPAHTOM, HO HE MPUHAJICKAT HHTEepBaIy (8,
b), moaTOMy He SBISIOTCS MHHHUMYMOM W MakcumyMmoM (@, D). Uucna a u b u B
3TOM ciydae SBJSIFOTCS HIOKHEH W BEepXHEH TrpaHuilamMu MHOXecTtBa (@, D)
COOTBETCTBEHHO.

Takum 00pa3om, €CIM MHOKECTBO MaKOPAHT (MUHOPAHT) B CBOIO OYEPE.lb
UMCIOT MUHHUMYM (MakCHMyM), TO 3TOT 3JIEMEHT €IUHCTBCHEH M COOTBETCTBYET
BEpXHeW (HUXKHEW ) rpaHulIe.

IMpumep 2. MHo0kecTBO [OJIOKUTEIBHBIX  PAallMOHAIBHBIX yucesn
Q, ={xeQ| x>0} He nmeer TOUHOI BepxHeil rpaHu B Q , TOUHAS HIKHSS TPaHb

infQ=1.

Ipumep 1. [Insg mHOkecTBa S = {% |k e N} = {1, %,

wlk

sup S=1; inf S=0.

Mpumep 3. MuoxecrBo Z ={zeQ|x? <2} parMOHANIBHBIX YHCEN, KBaapaT
KOTOPBIX MEHBIIE JBYX, HE MMEET TOYHBIX BEpXHEH M HIDKHEH rpanedd B Q, HO
€CJIM €r0 pacCMaTpUBaTh KaK MOJIMHOXKECTBO MHOKECTBA JEHCTBUTEIBHBIX YHCEI,

To SUpZ =+/2 minf Z=—/2.

Teopema 0 BepXHMX M HHKHMX ITDAHULAX NOAMHOKECTBA:

Ecmu B c Ao, inf B> infA; sup B< sup A

J1oKa3aTenbCTBO.

[Tycth b’ - amement MHOXecTBa B, uMmeromeli HanMeHblee 3HaYCHUE, T. €.
b’ e Bub' =infB. HoB c A, torga b’ € A.

[Tycth &' - ameMeHT MHOXKeCTBAa A, UMEIOIINI HAaMMEHbIIICe 3HAUCHHUE , T.C.
a' € Au a = inf A. Ilpu stom, ectm b'=a’, To b’ = inf A; ecim b’ #a’, To
b’>a'=inf A. Takum obpazom , b’ > inf A wmm inf B > inf A.

AHaIOrNMYHO TOKa3bIBACTCS BTOPAsk YaCTh TEOPEMBI.

! BerH}O}O Y HUKHIOKO T'paHUIIbl MHOKECTBA HA3bIBAKOT TAKIKC BerHCﬁ M HIOKHEH T'paHbO COOTBETCTBCHHO.
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